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This study deals with the un folded quan ti ties based on the time in ter vals be tween suc ces sive
neu tron events from the as pect of the power law. Neu trons from spon ta ne ous fis sion in spe -
cial nu clear ma te rial in duce fis sion in most cases. In this study, it was dem on strated that the
in verse value of the num ber of in duced neu trons de creases fol low ing a power func tion with
the in creas ing ra dius of a plu to nium metal sphere. In ad di tion, it was con sid ered an in crease
in the neu tron back ground level with in creas ing al ti tudes. The in verse value of the mean neu -
tron count ing rate de pend ing on al ti tudes can be de scribed with a power func tion merely for
higher el e va tions. A lin ear re la tion ship was ob tained by plot ting the quan ti ties on log a rith mic 
axes against each other in di cat ing gen er ally a power law re la tion ship for both in ves ti gated
phe nom ena. The re sults of this study showed a con nec tion be tween two seem ingly un re lated
neu tron phe nom ena through power laws based on the dis tri bu tions of time in ter vals be tween
suc ces sive neu tron counts. The em pir i cal ev i dence im plies that a con nec tion be tween the ob -
served quan ti ties in a log-log plot is un changed ex cept for a multi pli ca tive con stant.
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IN TRO DUC TION

The ex is tence of power law was em pir i cally
proved for nu mer ous nat u ral and man-made phe nom -
ena but there is a lack of stud ies re gard ing power laws
in nu clear sci ence and en gi neer ing [1-3]. Ac cord ing to 
[4] ev ery phe nom e non can be rep re sented math e mat i -
cally and based on the typology of anal o gous phe nom -
ena ev ery phe nom e non can be re li ably rep re sented.
The power law can im ply a re la tion ship be tween two
quan ti ties so that small changes in one quan tity can
cause a large change in the other, in de pend ently of
their ini tial size. They can re veal reg u lar ity in the
prop er ties of highly com plex sys tems so the changes
be tween phe nom ena at dif fer ent scales are in de pend -
ent of par tic u lar scales. It im plies the self-sim i lar prop -
erty char ac ter is tic for power-law re la tion ships so that
seem ingly un re lated sys tems can be con nected if some 
data fol low a power law re la tion. In the cur rent study,
we have ana lysed the al ti tude ef fect as the main source
of spa tial vari a tion of the neu tron back ground level as
well as the mean time be tween in duced neu trons de -

pend ing on the Pu sphere mass and their con nec tion to
a power law.

Spe cial nu clear ma te ri als (SNM) such as 239Pu,
235U, and 233U could be used as a ba sic com po nent of
nu clear ex plo sives and there fore, their de tec tion and
iden ti fi ca tion are of high im por tance in the field of nu -
clear safe guards and home land se cu rity. The SNM
emits mul ti ple neu trons and gamma rays cor re lated in
time via spon ta ne ous fis sion (SF) and neu tron-in -
duced fis sion (IF). By ex pec ta tions, fis sion chain
length in creases with in creas ing mass of SNM [5, 6].
Sev eral fast neu trons are promptly emit ted in each fis -
sion event and due to their in ten sity and pen et ra bility,
such prompt neu trons are the most use ful for pas sive
as say of fis sile ma te ri als. The fis sion event time is of
in ter est in var i ous ap pli ca tions [7, 8].

A bare Pu metal sphere con sist ing of 20 % of
240Pu and 80 % of 239Pu was used as a bench mark for
the num ber (mul ti plic ity) dis tri bu tion of neu trons and
gamma rays emit ted from a fis sile source [6, 9]. This
com po si tion of a Pu sphere was used more from a con -
cep tual point of view. In the pres ent study, we sim pli -
fied the Pu sam ple de scrip tion for clar ity by con sid er -
ing only 239Pu and 240Pu mix tures in pure me tal lic
form, for which the (a, n) con tri bu tion is neg li gi ble. In
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fu ture work, we will take into ac count the pres ence of a 
small amount of other radionuclides in plu to nium
sam ples. The IF neu trons can be pro duced in such a
sam ple due to neu trons with en er gies sam pled from
the Watt en ergy spec trum. We have per formed the
Monte Carlo (MC) cal cu la tions of the num ber of in -
duced neu trons es caped from a bare plu to nium metal
sphere with vary ing mass by us ing the
MCNPX-PoliMi code [10]. The num ber of neu trons
emit ted due to fis sion events as well as their en er gies
are sam pled from the mul ti plic ity dis tri bu tion and the
Watt en ergy spec trum, re spec tively [11]. The de pend -
ence of the en ergy dis tri bu tion on the num ber of neu -
trons emit ted in the in di vid ual fis sion event was in -
cluded in re cent mod els [12].

The other phe nom e non that we have in ves ti -
gated re gard ing power law is re lated to the neu tron
back ground level as a func tion of al ti tudes above sea
level. We have mea sured the mean time be tween neu -
tron counts de pend ing on el e va tions in a range be -
tween 251 and 2067 m in Bosnia and Herzegovina.
The pre lim i nary re sults ob tained have shown large
fluc tu a tions in the in ves ti gated al ti tude range. The re -
sults of map ping of neu tron dose rate at 36 sites in
Croatia in an al ti tude range from 2 to 988 m above sea
level have shown sim i lar be hav iour [13]. The avail -
able re sults [14] on neu tron count ing rate de pend ing
on al ti tudes ob tained with the mini neu tron mon i tor
(MNM) in Mex ico in a wider range of higher al ti tudes
above 2000 m up to about 4500 m as well as the avail -
able data mea sured with large neu tron mon i tors (NM)
at sev eral global mon i tor ing sta tions and at a few Ant -
arc tic sta tions [15] at heights above 2000 m were ana -
lysed from the as pect of power law be hav iour.

There is a de fi ciency of stud ies on the neu tron
back ground mea sure ments at al ti tudes up to about
2000 m. Fol low ing the ICRP 60 rec om men da tions,
there is a need for in ves ti ga tion of the neu tron con tri -
bu tion to pub lic dose [16]. Nat u ral sources of ion iz ing
ra di a tion in clude two ba sic com po nents such as cos -
mic and ter res trial ra di a tion [17]. The main sources of
gamma ter res trial ra di a tion (TR) are the 40K, 238U, and
232Th long-lived radionuclides. The neu tron con tri bu -
tion due to spon ta ne ous nu clear fis sion of the three
nat u rally oc cur ring ter res trial radionuclides in the soil
such as 238U, 235U, and 232Th can be ne glected con sid -
er ing their low rates and nat u ral abun dances [18]. The
to tal neu tron flux vari a tions oc cur in space and time,
de pend ing on the at mo sphere con di tions, the Earth's
crust it self, and dif fer ent geo dy nami cal pro cesses in
the Earth's crust [19].

Cos mic ra di a tion from the Earth's at mo sphere
[20] can be widely di vided into pri mary and sec ond ary 
com po nents. The pri mary cos mic ra di a tion con sist ing
mostly of pro tons (87 %) in cludes other charged par ti -
cles of high en er gies (11 % a par ti cles, about 1 % nu -
clei be tween be ryl lium and iron, and about 1 % elec -
trons). Sec ond ary cos mic ra di a tion (SCR) is pro duced

when pri mary par ti cles in ter act with at mo spheric gas
nu clei [21]. The cas cad ing ef fect, hap pen ing in the up -
per most 10 % of the at mo sphere, con tin ues un til the
par ti cles lose the en ergy re quired to cre ate fur ther sec -
ond ary par ti cles. The neu tron com po nent of cos mic
ra di a tion de pends strongly on al ti tude [22] via at ten u -
a tion of the neu trons as they prop a gate through the at -
mo sphere to wards Earth. Lon ger tra jec to ries of neu -
trons through the at mo sphere cause lower back ground
ra di a tion lev els at lower al ti tudes [23]. Due to the
strong pen et ra bility of muons, pho tons, and neu trons
through air, they can reach the ground level di rectly.
The level of vari a tion of the neu tron back ground de -
pends on a spe cific lo ca tion and lo cal en vi ron men tal
con di tions.

To achieve a deeper un der stand ing of the ob served
phe nom ena we have in ves ti gated the pos si bil ity of es tab -
lish ing a con nec tion be tween them by us ing a math e mat -
i cal re la tion ship be tween two quan ti ties, where a rel a tive
change in one quan tity re sults in a pro por tional rel a tive
change in the other quan tity, in de pend ent of the ini tial
size of those quan ti ties. The main goal of this study was
to in ves ti gate in ter re la tion through power law be tween
two dif fer ent neu tron phe nom ena such as the al ti tude ef -
fect on vari a tion of the neu tron back ground level and the
mean time be tween in duced neu trons de pend ing on the
plu to nium sphere mass, i. e., be tween two seem ingly un -
re lated phe nom ena.

MA TE RI ALS AND METH ODS

The MCNPX-PoliMi code [10] based on the MC
method was used for the nu mer i cal sim u la tion of all pos -
si ble neu tron-nu cleus in ter ac tions within a plu to nium
metal sphere, in par tic u lar of the sim u la tion of spon ta ne -
ous and neu tron-in duced nu clear fis sion. The MC code
used in the nu mer i cal sim u la tions in cludes new mod els
of neu tron and gamma-ray emis sions from spon ta ne ous
and in duced fis sion for sev eral iso topes of in ter est such
as 240Pu and 239Pu. The most de fin ing char ac ter is tic of
SNM, that are of in ter est in nu clear safe guards and
non-pro lif er a tion ap pli ca tions, is neu tron-in duced fis -
sion. The MC model in cludes the num ber, spec tral, di -
rec tional, and tem po ral dis tri bu tions of neu trons and
gamma rays of the var i ous radionuclides as well as the
full de scrip tion of the mul ti plic ity dis tri bu tions of neu -
trons or gamma rays from nu clear fis sion.

Mea sure ments of the neu tron dose rates in
Croatia [13] at 36 sites from the sea level up to about
1000 m were per formed with the CR-39 track etch de -
tec tor cal i brated by the CERN-EUhigh-en ergy Ref er -
ence Field (CERF) fa cil ity. The data on al ti tudes and
neu tron dose rates (given in tab. 1 of ref. [13]) were
used in the cur rent study for their fur ther anal y sis re -
gard ing power law.

A net work of ground-based neu tron mon i tors (NM)
has been used for mon i tor ing the near-Earth cos mic ray
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flux since the mid dle of the last cen tury. To inter-cal i brate
the global net work of NM, it was ini ti ated in 2001 the de -
vel op ment of a smaller and cost-ef fec tive ver sion of the
tra di tional NM, so-called the mini-NM [24, 25], that can
be eas ily shipped and in stalled. The mini-NM's de sign has
been con tin u ally op ti mized since then. The avail able data
on the neu tron count ing rates in Mex ico (mostly in the
state of Veracruz)  de pend ing  on  el e va tion above sea level 
were  ob tained  with  the  mini  neu tron mon i tor [14]. The 
di men sions of  the  mini-NM  with  all  com po nents  are 
ap prox i mately 900 m (height)  700 mm (width)  800
mm (length). The gas pres sure in a mini-NM de tec tor is
larger than in a stan dard NM64 de tec tor partly to com pen -
sate for the re duced ef fi ciency of the mini-NM com pared
to the stan dard NM64 of larger size.

The avail able data [15] ob tained at a few ex ist ing 
mon i tors of the global mon i tor net work with the In ter -
na tional Geo phys i cal Year (IGY) and Neu tron Mon i -
tor (ND) were an a lyzed from the as pect of power law
forms. The first neu tron mon i tor was de signed in 1951
and op ti mized with a new ver sion con sist ing of 12
10BF3 coun ters for use dur ing the In ter na tional Geo -
phys i cal Year (IGY) by 1957/8 [26]. The NM64 10BF3
super neu tron mon i tor was de signed in 1964 [27].
Since then, neu tron mon i tor de sign has been con -
stantly im proved.

The cur rent study deals with iden ti fy ing the
power law be hav iour of the ob served data based on the 
mean time be tween neu tron events. When the prob a -
bil ity of mea sur ing a par tic u lar value of the quan tity
var ies in versely as a power of that value, it can be said
that the quan tity fol lows a power law [2]. The ex is -
tence of power-law forms has been proved in a wide
va ri ety of nat u ral and man made phe nom ena, from
phys ics to fi nance. A power law can be de scribed by
the fol low ing eq.

p x Cx( )  a (1)

where C is a nor mal iza tion con stant, a > 0 is the ex po -
nent of the power law, and p(x)dx is a prob a bil ity of a
tak ing value in the in ter val be tween x and x + dx. The 
a pa ram e ter gives the rate of de crease of prob a bil ity
when x in creases. Af ter tak ing log a rithms of both
sides, a straight line is ob tained in a log-log plot.

RE SULTS AND DIS CUS SION

Mean time be tween neu tron events
de pend ing on plutonium sphere mass

We have in ves ti gated a con nec tion be tween the
mean-time in ter vals be tween suc ces sive neu tron
events and plu to nium spheres of dif fer ent sizes.
Events of nu clear fis sion, par ti cle trans port, mul ti pli -
ca tion, and ab sorp tion in the bare plu to nium metal
spheres with ra dii from 0.3 cm up to 1.7 cm with the
step of 0.1 cm (sys tems are far away from crit i cal ity),

com posed of 20 % of 240Pu and 80 % of 239Pu, and
mass den sity of 15.9 gcm–3 were sim u lated by the
MCNP-PoliMi code [10]. Since neu trons from (a, n)
re ac tion are neg li gi ble for the metal plu to nium sphere,
neu trons from spon ta ne ous fis sion in duce fis sion in
fis sile ma te ri als [5]. Fis sile ma te ri als sus tain fis sion
chain re ac tions in de pend ence on the com po si tion,
mass, and mul ti pli ca tion of the fis sile ma te rial [7]. The 
av er age SF neu tron mul ti plic ity in 240Pu is about 2.16
[28] whereas the av er age IF neu tron mul ti plic ity in
239Pu is about 3.16 in duced by neu trons with an en ergy 
of 2 MeV [29]. A lo ca tion of a 240Pu nu cleus un der go -
ing the SF re ac tion is sam pled uni formly within a plu -
to nium sphere in the MC sim u la tion. It is as sumed uni -
formly dis trib uted the di rec tion of fis sion neu trons in
space. The sim u lated data for the num ber of in duced
neu trons as a func tion of a plu to nium sphere mass is
shown in fig. 1(a) whereas fig. 1(b) shows the in verse
value of this quan tity re lat ing to the mean-time in ter -
vals be tween neu tron events. It can be seen that there is 
a straight line in a log-log plot, fig. 2, for these quan ti -
ties with a slope of -0.47 with 95 % con fi dence bounds
of (–0.48, –0.46) and ad justed R2 = 0.99 in di cat ing that 
al most all the vari abil ity was in cluded in the lin ear re -
gres sion model.

It is ob vi ous from fig. 2 that a con nec tion be -
tween the quan ti ties in a log-log plot is un changed ex -
cept for a multi pli ca tive con stant. A power law dis tri -
bu tion is the only dis tri bu tion that is the same
in de pend ently of the par tic u lar scale at which we ob -
serve the data. The power law is of ten called a scal ing
law since it de scribes the func tional re la tion ship be -
tween two phys i cal quan ti ties scal ing with each other
over a con sid er able in ter val. If dif fer ent scales are
mul ti plied by a com mon fac tor, scal ing laws do not
change im ply ing uni ver sal ity [30].

Mean time be tween neu tron
counts as a func tion of al ti tudes

Map ping of the neu tron dose rate
in Croatia de pend ing on el e va tion
above sea level

Map ping of the neu tron dose rate in Croatia at dif -
fer ent al ti tudes from sea level up to ap prox i mately 1000 
m was per formed with the CR-39 track etch de tec tor
cal i brated by the CERN-EUhigh-en ergy Ref er ence
Field (CERF) fa cil ity [13]. It dem on strated a sig nif i cant 
pos i tive cor re la tion co ef fi cient be tween the neu tron
dose rates and al ti tudes at 36 mea sure ment sites. A
log-log plot of the al ti tudes and the in verse val ues of
neu tron dose rates given in tab. 1 of ref. [13] are pre -
sented in fig. 3. It can be no ticed large fluc tu a tions of
the ex per i men tal data around the straight line for al ti -
tudes up to 1000 m above sea level. The slope of the line 
of –0.06 with 95 % con fi dence bounds of (–0.09, –0.02) 
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in di cates a weak de pend ence of neu tron dose rates on
al ti tudes, in par tic u lar at an al ti tude of about 200 m
where most mea sure ments were car ried out. How ever,
it can be seen that there is a de creas ing trend of the mean 
time be tween de tected counts with in creas ing al ti tudes
which is in line with the ex pec ta tions.

Al ti tude sur vey by the MNM in Mex ico

We have ana lysed the data (al ti tudes and the
mean count ing rate cor rected by at mo spheric pres -
sure) ob tained with the MNM dur ing the al ti tude sur -
vey, which are given in tab. 1 of ref. [14]. The al ti tude
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Fig ure 1. Num ber of in duced neu trons (a) and the in verse value of the num ber of in duced neu trons (b) emit ting
from a bare plu to nium sphere of var i ous masses

Fig ure 2. Mean time in ter vals be tween in duced neu trons
as a func tion of plu to nium sphere mass in a log-log scale

Fig ure 3. Mean time be tween neu tron counts de pend ing
on al ti tudes at 36 mea sure ment sites in Croatia [13]



sur vey was per formed mainly in the state of Veracruz
at an al ti tude range from the sea level up to about 4600
m and the sur vey lat i tude range was less than one de -
gree. Fig ure 4 shows the in verse val ues of the mean
neu tron count ing per min ute de pend ing on al ti tudes
above 1000 m to 4600 m in a log-log scale. The
straight line is ob tained by us ing the least squares fit -
ting model. The eval u ated value of the ex po nent al pha
is –1.93 with 95 % con fi dence bounds of (–2.04,
–1.82) in di cat ing that the mean time be tween neu tron
counts de creases with in creas ing al ti tudes in the given
al ti tude range. How ever, it is known that just a few dis -
tri bu tions from the real world fol low a power law re la -
tion in their en tire range, es pe cially for smaller val ues
of the vari able. Fig ure 5 shows the mean time as a
func tion of al ti tudes but in a nar rower range, from
1000 up to about 4600 m. It can be seen that the mea -
sured data do not de vi ate sig nif i cantly from a straight
line in a log-log plot.

Neu tron count ing rates at global
sta tions mea sured with the NM

The data avail able on the neu tron count ing rate
and al ti tudes at global neu tron mon i tor ing sta tions
were di vided into a world map of ex ist ing mon i tors
and the Ant arc tic bases above 2000 m.

We have an a lyzed the avail able data ob tained at
a few ex ist ing mon i tors (Haleakala, Cli max, Mex ico,
Huancayo, Jungfraujoch 1, Lomnicky Stit, Alma Ata,
Mt-Norikura) of the global mon i tor ing net work mea -
sured with the IGY and NM con tain ing gas-filled de -
tec tors with length up about 2 m and the avail able data
mea sured at a few mon i tor ing sta tions in Ant arc tic
(Amundsen-Scott, Con cordia Dome C, D85 ski way,
Dome Fuji, Kohnen, Mid-Point, Vostok) above 2000
m above sea level [15]. Fig ure 5 shows the in verse val -
ues of the neu tron count ing rate as a func tion of al ti -
tudes. It can be no ticed that the mean time be tween

neu tron counts de creases with in creas ing al ti tudes for
both groups of the neu tron mon i tor ing data. Fig ure 6
shows the same quan ti ties in a log-log plot. It can be
seen ap prox i mately the same slope of the straight lines
(for global mon i tor ing bases it is about –1.77 and for
Ant arc tic mon i tor ing bases is about –1.86).

The causal re la tion ships be tween the vari ables
re lated to the power law, con sid ered in this pa per,
could be the sub ject of fur ther in ves ti ga tion.

CON CLU SIONS

The mean time be tween suc ces sive neu tron
events due to two dif fer ent neu tron phe nom ena was ex -
am ined in the con text of power laws. The re sults of the
MC cal cu la tions of the com plex pro cesses in a bare Pu
metal sphere with a mix ture of 20 % of 240Pu and 80 %
of 239Pu have shown that the in verse value of the num -
ber of in duced neu trons re lat ing to the mean time be -
tween neu tron events de creases with in creas ing ra dius
of Pu metal sphere. We found that the in verse value of
the num ber of in duced neu trons and the mass of the Pu
mix ture were con nected through power law al most per -
fectly. It im plies some ad di tional char ac ter is tics which
will be con sid ered in fu ture work. An in crease in the
neu tron back ground level and con se quently a de crease
in the mean-time in ter val be tween neu tron counts with
in creas ing al ti tudes was ad di tion ally ana lysed. The
large fluc tu a tions of the ex per i men tal data around the
straight line were ob served in the al ti tude range up to
1000 m above sea level whereas the mea sured data for
al ti tudes above 2000 m do not de vi ate sig nif i cantly
from a straight line in a log-log plot. This find ing is in
agree ment with the fact that just a few dis tri bu tions
from the real world fol low a power law in their en tire
range, es pe cially for smaller val ues of the vari able.

The cur rent study shows that two seem ingly un re -
lated phe nom ena can be con nected through power laws
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Fig ure 4. The mean time be tween neu tron counts
de pend ing on al ti tudes mea sured with the MNM mostly
in the state of Veracruz (Mex ico) be tween about 1000 and 
4600 m above sea level

Fig ure 5. The in verse val ues of the count ing rate for a few 
global and Ant arc tic mon i tor ing bases mea sured with
the NM de pend ing on el e va tions above sea level



based on the mean-time in ter vals be tween suc ces sive
neu tron events.  Power laws can re veal reg u lar ity in the
prop er ties of com plex sys tems so the changes be tween
phe nom ena at dif fer ent scales are in de pend ent of par -
tic u lar scales. It was dem on strated that a con nec tion be -
tween the quan ti ties as the mea sur able phys i cal prop -
erty as so ci ated with the phe nom e non, in a log-log plot
is un changed ex cept for a multi pli ca tive con stant. It is
planned in the next stage of re search to in ves ti gate the
mech a nism driv ing the in ves ti gated quan ti ties to fol low 
a power law.
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VELI^INE  STEPENE  FUNKCIJE  ZASNOVANE  NA  RASPODELI  VREMENSKIH
INTERVALA  IZME\U  SUKCESIVNIH   NEUTRONSKIH  IMPULSA

Ova rad bavi se prou~avawem razvijenih veli~ina na bazi vremenskih intervala izme|u
sukcesivnih neutronskih doga|aja sa aspekta stepene funkcije. U ve}ini slu~ajeva, neutroni
emitovani pri spontanoj fisiji specijalnih nuklearnih materijala indukuju fisije. U ovoj studiji 
je demonstrirano da inverzna vrednost broja indukovanih neutrona opada sa pove}awem radijusa
plutonijum sfere slede}i stepenu funkciju. Dodatno je razmotren porast nivoa neutronskog
fonskog zra~ewa sa pove}awem nadmorske visine. Inverzna vrednost sredweg broja neutronskih
impulsa u jedinici vremena mo`e se opisati pomo}u stepene funkcije jedino pri vi{im
elevacijama. Dobijena je linearna zavisnost izme|u veli~ina na logaritamskoj skali indukuju}i
zakon stepene funkcije za oba istra`ena fenomena. Rezultati ove studije pokazali su vezu izme|u
dva naizgled nepovezana neutronska fenomena na osnovu raspodela vremenskih intervala izme|u
sukcesivnih neutronskih impulsa preko stepene funkcije. Empirijska evidencija implicira da je
veza izme|u istra`enih veli~ina u  dijagramu nepromewena izuzev za multiplikativnu
konstantu.

Kqu~ne re~i: stepena funkcija, neutronski fon, plutonijum sfera, vremenski in ter val


