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In this work, the av er age cur rent nodal ex pan sion method was de vel oped for the time-de -
pend ent neutronic sim u la tion of tran sients in a nu clear re ac tor's core. For this pur pose, an
adopted it er a tive al go rithm was pro posed for solv ing the 3-D time-de pend ent neu tron dif fu -
sion equa tion. In the av er age cur rent nodal ex pan sion method, the do main of the re ac tor core
can be mod eled by coarse meshes for neutronic cal cu la tion as so ci ated with rea son able pre ci -
sion of re sults. The discretization of time dif fer en tial terms in the time-de pend ent equa tions
was ful filled, ac cord ing to the im plicit scheme. The pro posed strat egy was im ple mented in
some ki netic prob lems in clud ing an in fi nite slab re ac tor, TWIGL 2-D seed-blan ket re ac tor,
and 3-D LMW LWR. At first, the steady-state so lu tion was car ried out for each test case, and
then, the dy namic neutronic cal cu la tion was per formed dur ing the time for a spec i fied tran -
sient sce nario. Ob tained re sults of static and dy namic so lu tions were ver i fied in com par i son
with well-known ref er ences. Re sults can in di cate the abil ity of the de vel oped cal cu la tor to
sim u late tran sients in a nu clear re ac tor's core. 

Key words: av er age cur rent nodal ex pan sion method, coarse meshes, diffusion equa tion,
rect an gu lar ge om e try, time-de pend ent cal cu la tion, transient sim u la tion

IN TRO DUC TION

The de sign and safety as sess ment of new nu clear
sys tems sug gested for fu ture im prove ment need ac cu -
rate sim u la tion of the be hav ior of neu tron dis tri bu tion
dur ing typ i cal op er a tional and ac ci den tal con di tions
[1]. Gen er ally, two dif fer ent strat e gies have been usu -
ally used for ob tain ing neu tron flux dis tri bu tion in a nu -
clear re ac tor core in clud ing the de ter min is tic meth ods,
e. g. the nodal method [2], and the proba bil is tic meth -
ods, e. g. the Monte Carlo method [3, 4]. As the nu mer i -
cal ex per i ments noted in [5] and oth ers, re vealed in suf -
fi cient ac cu racy of the point-re ac tor model for the
anal y sis of large ther mal light wa ter re ac tors (LWR) [6], 
ap prox i ma tion strat e gies for solv ing the space-en ergy
de pend ent neu tron ki net ics equa tions have been of in -
ter est in re ac tor phys ics ever since early 1960. How -
ever, one of the meth ods for pre dict ing the ac cu rate
space-time dis tri bu tion of neu trons in a nu clear re ac tor
core is the im plicit di rect so lu tion of time-de pend ent
multi-group neu tron dif fu sion equa tion.

For solv ing the 3-D ki net ics equa tion, tech -
niques must be con sid ered for space and time

discretization. Up to now, sev eral meth ods have been
de vel oped and pro posed for the spa tial discretization
of the neu tron dif fu sion equa tion such as fi nite dif fer -
ence, fi nite el e ment, and nodal meth ods. The space
discretization tech nique is uti lized for cal cu lat ing the
eigenvalue and also the flux dis tri bu tion across the re -
ac tor core. In nodal meth ods, coarse meshes can be
em ployed ac cord ing to sizes of a fuel as sem bly (FA)
ac com pa nied by re tain ing tol er a ble ac cu racy. Among
the well-known nodal meth ods, the an a lyt i cal nodal
method (ANM) [7] and the nodal ex pan sion method
(NEM) [8], should be men tioned. In the ANM, the
neu tron dif fu sion equa tion is solved an a lyt i cally but in 
the NEM, this equa tion is solved by de fin ing a poly no -
mial ex pan sion  the co ef fi cients of which are de ter -
mined in terms of nodal pa ram e ters for each node and
en ergy group. Re cently, a steady-state cal cu la tion
pack age has been de vel oped in or der to eval u ate the
ac cu racy of NEM sub-meth ods for the 3-D rect an gu lar 
ge om e try [9]. In ad di tion, re sults of a static sim u la tor
for the 3-D hex ag o nal ge om e try us ing the av er age cur -
rent nodal ex pan sion method (ACNEM) have also
been re ported [10].

Var i ous strat e gies have been ap plied for the time
discretization of the time-de pend ent neu tron dif fu sion
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equa tion. Stan dard meth ods em ploy back ward dif fer -
ence for mu las [11]. These meth ods re quire solv ing of
a large sys tem of lin ear equa tions at each time step. For 
solv ing these sys tems, pre con di tioned it er a tive meth -
ods are uti lized [12]. Other types of meth ods such as
modal ap proaches [13], and the quasi-static method
[14], have also been im ple mented in the nu clear en gi -
neer ing field [15].

For the pur pose of this pa per, a space-time sim u -
la tor was de vel oped for an a lyz ing the dy nam i cal
neutronic be hav ior of a nu clear re ac tor core, when a
spe cific tran sient scheme was con sid ered. In this way, a
sub-method from the zeroth or der NEM fam ily, i. e. the
av er age cur rent ap proach, was used for the coarse mesh
discretization of space in the cou pled 3-D multi-group
dif fu sion and the de layed neu tron emit ter con cen tra tion 
equa tions. The im plicit back ward Eu ler ap proach was
also em ployed as the time discretization tech nique of
noted time-de pend ent equa tions. In this work, an
adapted it er a tive al go rithm was pro posed for solv ing
the space-time multi-group neu tron dif fu sion equa tion
cou pled with pre cur sor equa tions. In this case, a novel
it er a tive al go rithm which had been pro posed ear lier for
only steady-state cal cu la tions of ACNEM [9, 16], was
de vel oped for re solv ing the time-de pend ent neu tron
dif fu sion equa tions. As in each time-step of a tran sient
sim u la tion, us ing the fully im plicit scheme, nu mer ous
time-con sum ing cal cu la tions should be per formed and
the com pu ta tional cost of space-time so lu tions is re ally
huge, the ba sic ver sion of ACNEM, i. e. the zeroth or der 
so lu tion, was se lected and ap plied in this work for
discretizing the ge om e try do main. For eval u at ing the
pro posed meth od ol ogy, three pop u lar tran sient
benchmarks were in ves ti gated and the ob tained re sults
were com pared with the ver i fied ref er ences. Re sults
showed that the de vel oped time-de pend ent ACNEM
us ing the pro posed it er a tive al go rithm worked suf fi -
ciently well in sim u lat ing tran sient prob lems by coarse
meshes.

AV ER AGE CUR RENT NODAL
EX PAN SION METHOD

Static cal cu la tion

The av er age cur rent method [8, 17], is a NEM
which is used for the steady-state neutronic cal cu la -
tion of a nu clear re ac tor core. Lately, this method has
been dis cussed in some pa pers such as [9, 16]. That is
why this meth od ol ogy for 2-D dif fu sion equa tion is
briefly pre sented in this pa per.

The static multi-group neu tron dif fu sion equa -
tion is given by the fol low ing
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where  Jg and fg are the neu tron cur rent and flux in the
lo ca tion of r, re spec tively.

In the ACNEM, a poly no mial ex pan sion is con -
sid ered for the flux dis tri bu tion in each node and en ergy
group. For the zeroth or der of ACNEM, the de gree of
this poly no mial ex pan sion is two which is de fined gen -
er ally by the fol low ing
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where Gus
m  is the left (s = l)/right (s = r) u-sur face of

node Pm ,  Aus
m  is the area of Gus

m , Ygus
m is the av er age flux 

for group g at Gus
m , and Fg

m is the av er age flux for group
g in Pmand by solv ing eq. (3), the ex pan sion co ef fi -
cients of  Ag, agu, and bgu noted in eq. (2) are ob tained as 
the fol low ing re la tion
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There fore, if Fg
m  and Ygus

m  pa ram e ters are spec i -
fied, eq. (2) is de ter mined for each node and en ergy
group. For this pur pose, eq. (1) is in te grated first over
each node Pm and in the fol low ing the 2-D
multi-group neu tron con ti nu ity equa tion is de rived as
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where j jgus
m

gus
m+ -,  are av er age out go ing (+) and in com -

ing (–) par tial cur rents for group g at Gus
m , re spec tively,

and hu
m is the thick ness of node Pm  for the u di rec tion.
For re solv ing eq. (5), ad di tional re la tions are re -

quired in or der to cal cu late the av er age sur face par tial
cur rents ( , )j jgus

m
gus

m+ - . For this pur pose, the Flick's law
is ap plied by em ploy ing the de fined neu tron flux, eq.
(2), for each node and en ergy group. Hence for the sur -
face of Gul

m , eq. (6) is ob tained as fol lows
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where eul
m  is a unit vec tor in the di rec tion of the out -

ward nor mal to Gul
m . Also by us ing the ap prox i ma tion

of the fol low ing
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For both sur faces of Gul
m and Gur

m , at last, a set of
equa tions is ar rived at in which the out go ing cur rents
are re lated to the in com ing cur rents and the av er age
flux in each node. So the in ter face cur rent equa tions
are given by  the fol low ing
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m = 1,2, ..., M,    g = 1,2, ..., G,    u  = x, y

where A Bgu
m
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m,  and Cgu

m   are spec i fied in terms of Dg
m

and hu
mfor the node m and en ergy group g.
Now if the out go ing cur rents are elim i nated from 

eq. (5) by us ing eq. (8), the fi nal form of nodal bal ance
equa tion is as fol lows
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How ever, for ob tain ing the re quired un known
nodal pa ram e ters, eqs. (11) and (12) are solved ac com -
pa nied by uti liz ing the con ti nu ity of in ter face cur rents
for neigh bor nodes and bound ary con di tions for ex te -
rior nodes. For a bound ary sur face, Gus

m , the fol low ing
re la tion is used
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where for re flect ing and zero-flux bound ary con di -
tions, the  lgus

m  is con sid ered by 0 and 1010, re spec -
tively.

The power method is also ap plied for up dat ing
the mul ti pli ca tion fac tor, keff. The aforementioned pro -
ce dure is il lus trated in fig. 1 as a novel adopted it er a -
tive al go rithm for static prob lems [9].
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Figure 1. The flowchart of pro posed adopted it er a tive al go rithm for static cal cu la tion us ing ACNEM



For solv ing the sys tem of nodal equa tions in
ACNEM, the for mal Gauss Seidel al go rithm can be
used. But, in some sit u a tions, the so lu tion us ing the
noted al go rithm is di verged. Ac cord ing to [16], a
novel adopted it er a tive al go rithm has been pro posed
for over bear ing the di ver gence prob lem of static so lu -
tion us ing ACNEM. In the for mal Gauss Seidel ap -
proach, the nodal pa ram e ters are up dated and in ner it -
er a tions are re peated un til the so lu tion is con verged
and then, the mul ti pli ca tion fac tor, keff, is up dated. But, 
for the pro posed ap proach, in each in ner it er a tion of
Gauss Seidel al go rithm, the mul ti pli ca tion fac tor keff,
is up dated by us ing last nodal pa ram e ters and then the
sub se quent in ner it er a tion is per formed by us ing the
new keff. By em ploy ing this it er a tive ap proach, the di -
ver gence of the so lu tion does not ap pear [16]. In this
pa per, the noted novel meth od ol ogy was used and ex -
tended for treat ing the time-de pend ent neu tron dif fu -
sion equa tions.

Dy namic cal cu la tion 

In this sec tion, the steady-state strat egy men -
tioned in the pre vi ous sec tion is ex tended and de vel -
oped for solv ing the time-de pend ent dif fu sion equa -
tions, in or der to sim u late tran sient neutronic sce nar ios 
in the re ac tor core. 

The time-de pend ent form of eq. (1) is con sid ered 
by [18]
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where vg  is the neu tron ve loc ity for en ergy group g, b 
is the to tal frac tion of de layed neu trons, c pg and cdg

are the emis sion spec trum of prompt and de layed neu -
trons for group g, re spec tively, li is the de cay con stant
of the i th de layed neu tron fam ily, and ci is the con cen -
tra tion of the i th de layed neu tron fam ily.

More over, the con cen tra tions of de layed neu tron 
emit ters, c r ti ( , ), sat isfy the fol low ing time-de pend ent 
bal ance equa tions, which are named the pre cur sor
equa tions, i. e.
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where bi is the de layed neu tron frac tion of the i th de -
layed neu tron fam ily and I is the num ber of de layed
neu tron fam i lies [18].

If eq. (11) is in te grated over the vol ume of node
m, term by term, the fol low ing equa tion is de rived for
time t and en ergy group g
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In the same way, eq. (12) for the pre cur sor con -
cen tra tions in the node-wise in te grated form re sulted
as
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Sim i lar to static treat ment, an ad di tional set of
equa tions is needed for solv ing time-de pend ent cou -
pled eqs. (13) and (14), i. e.
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Now by elim i nat ing the out go ing cur rents from
eq. (13) us ing eq. (15), we have the fol low ing
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For discretization of the time dif fer en tial terms
of eqs. (14) and (16), the im plicit ap proach us ing the
back ward Eu ler method was uti lized for the time t by
the fol low ing
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where Dt is the time step, the op er a tors F and L are the
neu tron pro duc tion and con sump tion terms of eq. (16)

K. Valavi, et al.: Three-Di men sional Time-De pend ent Neu tron Dif fu sion ...
192 Nu clear Tech nol ogy & Ra di a tion Pro tec tion: Year 2020, Vol. 35, No. 3, pp. 189-200



and also F¢ and L¢ are the pre cur sors of pro duc tion and
con sump tion terms of eq. (14), re spec tively.

Ul ti mately, the fi nal form of time-de pend ent
multi-group neu tron bal ance equa tion, eq. (16), us ing
eq. (17), is ob tained as fol lows
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For the time-de pend ent equa tions of de layed
neu tron emit ter con cen tra tion, the fi nal form of eq.
(14) is ob tained by us ing eq. (18) in the fol low ing re la -
tion
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For solv ing the cou pled time-de pend ent eqs.
(19) and (20), an adopted it er a tive strat egy for the
time-de pend ent cal cu la tion of ACNEM was de vel -
oped which is dem on strated in fig. 2. In this ap proach,
the crit i cal pa ram e ters of neu tron bal ance equa tion
were first com puted in clud ing av er age fluxes and sur -
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Figure 2. The flowchart of pro posed adopted it er a tive al go rithm for dy namic cal cu la tion us ing ACNEM



face par tial cur rents of all nodes and en ergy groups
and also pre cur sor's con cen tra tions of all nodes. Then
time-de pend ent cal cu la tions were done for N time
steps of Dt sec onds us ing re quired pa ram e ters
achieved in the pre vi ous time step. In each time step,
vari a tions of cross sec tions are per formed, ac cord ing
to the de fined tran sient scheme in the re ac tor core. In
ad di tion, an in ner it er a tion was im ple mented for con -
verg ing the av er age fluxes of all nodes and en ergy
groups sim i lar to the al go rithm used in the static cal cu -
la tion pre sented in fig. 1. In this in ner it er a tion, pa ram -
e ters of the pre vi ous time step in clud ing the av er age
fluxes and cur rents are used as the ini tial val ues for the
cur rent time step and com pu ta tions were re peated em -
ploy ing eqs. (15), (19), and (20) by us ing the nodal pa -
ram e ters of last in ner it er a tion. This pro cess was con -
tin ued for the cur rent time step un til all of ac quired
av er age fluxes con verged. Af ter ward, cal cu la tions
were started for the sub se quent time step un til the end
time of dy namic sce nario was fi nally reached. 

NU MER I CAL RE SULTS

In this sec tion, the re sults of three tran sient test
cases in clud ing an in fi nite slab re ac tor, TWIGL-2-D
seed-blan ket re ac tor and 3-D LMW LWR are given
for both static and dy namic cal cu la tions, and also their
re sults are com pared with the re ported re sults in ref er -
ences.

Prob lem 1: An in fi nite slab re ac tor

For the first test case, a 1-D re ac tor was in tro -
duced and in ves ti gated. This re ac tor was di vided into
three re gions. Two outer re gions (1 and 3) had 40 cm
stick and also the size of cen tral re gion (2) was 160 cm. 
For this prob lem, the bound ary con di tion was the zero
flux. The two-group con stants of the prob lem are pre -
sented in tab. 1. In ad di tion, pa ram e ters of six groups
of de layed neu trons for the tran sient anal y sis of in fi -

nite slab re ac tor model are shown in tab. 2 [19]. This
ex am ple was solved by 24 coarse nodes hav ing the
size of 10 cm. The ef fec tive mul ti pli ca tion fac tor and
rel a tive re gional pow ers of the static cal cu la tion were
com pared with the ref er ence in tab. 3. The bench mark
prob lem book [20], re ported the ref er ence so lu tion
which has been ob tained by a fi nite-dif fer ence code
with 2 cm meshes. Ac cord ing to rel a tive er rors given
in tab. 3, static re sults in di cated an ac cu rate so lu tion in
re spect to the ref er ence.

For the dy namic cal cu la tion, the tran sient
scheme was a lin ear in cre ment of 3 % in the ther mal
ab sorp tion cross-sec tion for re gion 1 in 1.0 sec ond.
The dy namic so lu tion was per formed by us ing the de -
vel oped time-de pend ent ACNEM and con sid er ing the
time step of 0.01 sec ond. As for fig. 2, the time-de -
pend ent cal cu la tion has been done step by step for 2
sec onds with 200 time steps. The ob tained rel a tive to -
tal pow ers are rep re sented in tab. 4 for se lected times
and com pared for some times with the ref er ence [20].
The mi nor di ver sity of re sults in com par i son with
those in the ref er ence can be seen in tab. 4. The di a -
grams of ob tained rel a tive to tal pow ers and the ref er -
ence along the time are also il lus trated in fig. 3. 

For this test case, a sen si tiv ity anal y sis was made 
for time step and mesh size pa ram e ters. Ta ble 5 gives
some re sults for var i ous mesh sizes in clud ing the CPU
time and the av er age and max i mum rel a tive er rors of
time-de pend ent to tal pow ers which were com pared
with the ref er ence. Sim i larly, the CPU time and the av -
er age and max i mum rel a tive er rors of noted pow ers
for var i ous time steps are also pre sented in tab. 6. Us -
ing the de vel oped pro ce dure, it is found that no di ver -
gence ap peared for var i ous mesh sizes and time steps
in tran sient cal cu la tions. Ta bles 5 and 6 in di cate that
when the mesh sizes and time steps are de creased and
con se quently, the CPU time is in creased, the ac cu racy
of time-de pend ent pow ers ob tained by ACNEM has
not changed con sid er ably. Thus, the cal cu la tions for
the fol low ing prob lems were done for coarse meshes
and a time step.
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Ta ble 1. Cross-sec tions of the in fi nite slab re ac tor model

Re gion Group
[g]

Dg [cm] Sag [cm–1] uSfg [cm–1] S1®2 [cm–1]

1,3 1 1.50 0.011 0.010 0.015

2 0.50 0.180 0.200

2 1 1.00 0.010 0.005 0.010

2 0.50 0.080 0.099

v1 = 1.0×107 cms–1, v2 = 3.0×105 cms–1

Ta ble 2. Pa ram e ters of de layed neu trons for the in fi nite slab re ac tor model

Pa ram e ter d = 1 d = 2 d = 3 d = 4 d = 5 d = 6

bd 0.00025 0.00164 0.00147 0.00296 0.00086 0.00032

ld 0.0124 0.0305 0.1110 0.3010 1.1400 3.0100

Ta ble 3. Re sults of the static cal cu la tion for in fi nite
slab re ac tor model

Pa ram e ter ACNEM Ref er ence Rel a tive
er ror [%]

keff 0.90090 0.90155 –0.07

Rel a tive power of reg.1a 0.829 0.837 –0.91

Rel a tive power of reg.2a 1.341 1.326 1.15

Rel a tive power of reg.3a 0.829 0.837 –0.91

a Rel a tive power (nor mal ized to the av er age value of
  re gional pow ers)



Prob lem 2: TWIGL seed-blan ket re ac tor

This test case is a 2-D model of a 160 cm square
un-re flected seed-blan ket re ac tor. The prob lem was
de fined with two neu tron en ergy groups and eighth
sym me try of the core. At first, tran sient so lu tions were
ob tained by [21] and sur veyed in doc u ments such as
[7, 19]. For this tran sient prob lem, all of re quired
neutronic data are given in tab. 7 and the ge om e try is
also ex hib ited in fig. 4 [19].

The static so lu tion of ACNEM was ful filled by
us ing 8 cm ´ 8 cm meshes and its re sults and rel a tive
er rors in com par i son to ref er ence are rep re sented in
tab. 8. The ref er ence is the sec ond or der cal cu la tion of
ACNEM re ported in [19]. The com par i son of data
noted in tab. 8, con firms the true static so lu tion of ap -
plied ACNEM.

For this prob lem, two tran sients were ini ti ated in
re gion 1 by de creas ing the ther mal ab sorp tion cross sec -
tion in clud ing the step per tur ba tion as the fol low ing

D = -0.0035 cm –1
a t

2
0å =, (21)

and the ramp per tur ba tion in 0.2 sec ond which fol lows
[19]

( )
( )( . ), .

( )( . ), .
t

t t

t

a

a

=
- £å

>å

ì 0 1 011667 02

0 097666 02
2

2

í
î

åa2 (22)

These tran sients were sim u lated by us ing the
pro posed ACNEM for 0.5 sec onds by the time step
length of 0.01 sec onds for both per tur ba tions. Thus the 
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Ta ble 4. Rel a tive to tal power vs. time for in fi nite
slab re ac tor model

Time [s] ACNEM a Ref er ence Rel a tive er ror [%]

0.00 1.000 1.000 –

0.10 0.931 0.930 0.087

0.20 0.875 0.873 0.209

0.30 0.830 – –

0.40 0.793 – –

0.50 0.762 0.760 0.235

0.60 0.735 – –

0.70 0.713 – –

0.80 0.693 – –

0.90 0.676 – –

1.00 0.661 0.659 0.266

1.50 0.645 0.643 0.321

2.00 0.632 0.631 0.224

a Mesh size: 10 cm, time step length: 10–2 s

Fig ure 3. Rel a tive to tal power vs. time for the in fi nite slab 
re ac tor

Ta ble 7. Char ac ter is tics of TWIGL SEED-BLAN KET-
2-D re ac tor prob lem

Re gion Group, g Dg [cm] Sag [cm–1] 
uSfg

[cm–1]
S1®2

[cm–1]

1,3 1 1.4 0.01 0.007 0.01

2 0.4 0.15 0.2

2 1 1.3 0.008 0.003 0.01

2 0.5 0.05 0.06

v1 = 1.0×107 cms–1, v2 = 2.0×105 cms–1, b = 0.0075, l = 0.08

Ta ble 8. Static re sults for TWIGL SEED-BLAN KET-2-D 
re ac tor prob lem

keff
a keff rel a tive

er ror [%]

Max i mal
power

rel a tive er ror
[%]

Av er age
power
rel a tive

er ror [%]

ACNEM 0.91276 –0.046 4.69 1.68

a keff (ref er ence): 0.91318

Fig ure 4. Quad rant of TWIGL seed-blan ket re ac tor
ge om e try

Ta ble 5. Re sults of var i ous mesh sizes for infinite slab
re ac tor model

Mesh size
[cm]

CPU
time [s] a

Average
relative error, [%]

Maximal
relative error, [%]

2.5 410 0.10 0.19

5 70 0.12 0.21

10 12 0.22 0.32

awith lap top corei5, 2.4 HGz

Ta ble 6. Re sults of var i ous time steps for in fi nite slab
re ac tor model

Time step [s] CPU
time [s] a

Average
relative error, [%]

Maximal
relative error, [%]

10–1 3 0.23 0.30

10–2 12 0.22 0.32

10–3 60 0.23 0.31

awith lap top corei5, 2.4 HGz



dy namic cal cu la tion was car ried out for 50 time steps.
Ac cord ing to Christensen [19], the ref er ence for both
transkeff Rel a tive Er ror %ients is the re sults of the
QUANDRY code.

Af ter ex ert ing the step per tur ba tion in re gion 1
of the re ac tor core, in re spect to eq. (21), re sults were
ob tained step by step dur ing the time. Rel a tive av er age 
pow ers in the re ac tor vs. time ded i cated to the time-de -
pend ent ACNEM, are com pared with the ref er ence in
tab. 9. More over, val ues of rel a tive av er age power cal -
cu lated by the de vel oped sim u la tor and the ref er ence
against the time are il lus trated in fig. 5. 

For ramp per tur ba tion, the tran sient was mod -
eled dur ing the time ac cord ing to eq. (22). Achieved
rel a tive av er age pow ers and theirs rel a tive er rors as for 
the ref er ence are pre sented in tab. 10 for some times.
In ad di tion, cal cu lated rel a tive av er age pow ers and the 
ref er ence vs. the time for ramp per tur ba tion are shown
in fig. 6. 

Rel a tive er rors of pow ers given in tabs. 9 and 10
show that the pro posed ap proach has an ef fi cient per for -
mance in time-de pend ent mod el ing of per tur ba tions.
Fur ther more, from figs. 5 and 6, one can see the dif fer ent
forms of power en hance ment vs. time. This case co mes
from the vari ant na tures of im ple mented per tur ba tions.

In the step tran sient, the power in crease quickly oc curred
dur ing the small time dis tance i. e. 0 < t < 0.05, sim i lar to
the prompt jump re sponse which oc curs due to in duc ing
a step re ac tiv ity in the sys tem. Also, the nearly lin ear en -
hance ment of power is seen in fig. 6 for the ramp tran -
sient due to the lin ear de crease of the ther mal ab sorp tion
cross sec tion dur ing 0 < t < 0.2. There fore, these cases
can prove the proper ef fect of de vel oped ki net ics sim u la -
tor for this prob lem.

Prob lem 3: LMW LWR-3-D

As the third test case, a 3-D re ac tor core called
the LMW (Langenbuch-Mau rer-Warner) prob lem
was mod eled. This re ac tor has a two-zone core con -
tain ing 77 fuel as sem blies with widths of 20 cm. The
core is re flected by 20 cm of wa ter both ra di ally and
ax i ally, and the height of the ac tive core is 160 cm. Ra -
dial and ax ial views of the core for LMW LWR-3-D
are in di cated in figs. 7 and 8, re spec tively. In ad di tion,
the neutronic pa ram e ters and also con stants for de -
layed neu trons be longed to LMW LWR-3-D are given
in tabs. 11 and 12, re spec tively [7]. The de fined tran -
sient for this prob lem is the move ment of two groups
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Ta ble 10. Rel a tive av er age power vs. time for ramp
per tur ba tion of TWIGL SEED-BLAN KET-2-D re ac tor
prob lem

Time [s] ACNEM a Ref er ence Rel a tive er ror [%]

0.00 1.000 1.000 –

0.05 1.124 – –

0.10 1.307 1.307 0.019

0.15 1.565 – –

0.20 1.955 1.957 –0.107

0.25 2.054 – –

0.30 2.065 2.074 –0.412

0.35 2.074 – –

0.40 2.083 2.09 –0.446

0.45 2.091 – –

0.50 2.100 2.109 –0.430

a Time step length: 10–2 s

Fig ure 5. Rel a tive av er age power vs. time for the step
per tur ba tion of TWIGL seed-blan ket re ac tor

Fig ure 6. Rel a tive av er age power vs. time for the ramp
per tur ba tion of TWIGL seed-blan ket re ac tor

Ta ble 9. Rel a tive av er age power vs. time for step
 per tur ba tion of TWIGL SEED-BLAN KET-2-D re ac tor
 prob lem

Time [s] ACNEM a Ref er ence Rel a tive er ror [%]

0.00 1.000 1.000 –

0.05 2.008 – –

0.10 2.050 2.061 –0.549

0.15 2.059 – –

0.20 2.068 2.078 –0.489

0.25 2.076 – –

0.30 2.085 2.095 –0.479

0.35 2.094 – –

0.40 2.102 2.113 –0.510

0.45 2.109 – –

0.50 2.120 2.131 –0.533

a Time step length: 10–2 s
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Fig ure 7. Quad rant of LMW
LWR-3-D in the ra dial di rec tion

Ta ble 11. Cross-sec tions of LMW LWR-3-D prob lem

Region Group, g Dg [cm] Sag [cm–1] uSfg [cm–1] S1®2 [cm–1]

1 1 1.423913 0.01040206 0.006477691 0.0175555

2 0.356306 0.08766217 0.1127328

2 1 1.423913 0.01095206 0.006477691 0.0175555

2 0.356306 0.08766217 0.1127328

3 1 1.425611 0.01099263 0.007503284 0.01717768

2 0.350574 0.09925634 0.1378004

4 1 1.634227 0.002660573 0.0 0.02759693

2 0.264002 0.04936351 0.0

v1 = 1.25×107 cms–1, v2 = 2.5×105 cms–1

Fig ure 8. Quad rant of LMW
LWR-3-D in the ax ial di rec tion



con trol rods in which the ini tial and fi nal po si tions of
them are spec i fied in fig. 8.

For the steady-state cal cu la tion, the con trol rod
group 1 was lo cated in the ini tial po si tion as shown in
fig. 8. The static so lu tion was ful filled by us ing the de -
vel oped ACNEM for the quar ter sym me try of LMW
LWR-3-D. The mod el ing was per formed by uti liz ing
coarse meshes hav ing sizes of the FA, i. e. the width of
20 cm in all of the 3-D. More over, the ref er ence so lu -
tion is the re sults of QUANDRY code [7]. Static pa -
ram e ters con tain ing the ef fec tive mul ti pli ca tion fac tor
and its rel a tive er ror, the max i mum and av er age of
power er rors for fuel as sem blies in com par i son to the
ref er ence are pre sented in tab. 13. Ac cord ing to the re -
sults, a good agree ment be tween the cal cu lated re sults
and the ref er ence can be ob served.

For the time-de pend ent cal cu la tion, a per tur ba -
tion pro gram is im ple mented as fol lows [7]

Removing rod group 1 at 3.0cms s

Insert

– ; .1 0 1 26666£ £

ing rod group 2 at 3.0cms s– ; . .1 75 1 475£ £

ì
í
î

(23)

Ac cord ing to fig. 2, the tran sient so lu tion was ac -
com plished for 60 sec onds step by step with the time

step length of 0.8 sec onds. For this pur pose, the
time-de pend ent two-en ergy group neu tron dif fu sion
equa tions cou pled with six groups de layed neu tron
equa tions were solved by launch ing cor re spond ing
changes of cross-sec tions ac cord ing to the pro gram of
con trol rods move ments noted in eq. (23). Ob tained rel -
a tive av er age pow ers in the core for some time steps
were com pared with the ref er ence [7], in tab. 14. As dis -
played in tab. 14, a suit able ac cu racy of de vel oped
time-de pend ent ACNEM is dis tin guished rel a tive to
the ref er ence. Con se quently, ac cord ing to the re sults,
the pro posed ap proach can be re li able for care ful sim u -
lat ing of the tran sient sketches in nu clear re ac tors. In re -
spect to eq. (23), the sche matic di a grams of rel a tive av -
er age power changes gained by the ap plied method and
the ref er ence against time are also de picted in fig. 9.

CON CLU SION AND OUT LOOK

The aim of this work was to de velop a 3-D
time-de pend ent sim u la tor for solv ing tran sient
prob lems of nu clear re ac tor cores based on the av er -
age cur rent nodal ex pan sion method (ACNEM). For 
this pur pose, an adapted it er a tive al go rithm was 
pro posed for solv ing cou pled time-de pend ent neu -
tron dif fu sion equa tions. In this it er a tive strat egy, an 
in ner it er a tion was con sid ered based on the novel al -
go rithm used in the steady-state treat ment. Three
tran sient test cases were sim u lated by us ing coarse
meshes of sizes of FA for val i dat ing the de vel oped
ap proach. Nu mer i cal re sults of both static and dy -
namic cal cu la tions us ing the time-de pend ent
ACNEM were com pared and benchmarked with re -
ported re sults in ref er ences. Ac cord ing to the re -
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Ta ble 13. Static re sults for LMW LWR-3-D
re ac tor prob lem

ACNEM
keff

a
keff

rel a tive
er ror [%]

Maximal
power
relative

er ror [%]

Average
power
relative

er ror [%]

1.00058 0.091 4.02 1.65

a keff (ref er ence): 0.99966

Ta ble 14. Rel a tive av er age power ver sus time for LMW
LWR-3-D prob lem

Time [s] ACNEM a Ref er ence Rel a tive er ror [%]

0 1.000 1.000 –

5 1.131 1.114 1.53

10 1.341 1.313 2.16

15 1.559 – –

20 1.652 1.669 –1.03

25 1.537 – –

30 1.275 1.340 –4.89

35 0.990 – –

40 0.752 0.793 –5.11

45 0.580 – –

50 0.482 0.494 –2.36

55 0.421 – –

60 0.374 0.379 –1.23

a Time step length: 0.8 s

Ta ble 12. Pa ram e ters of de layed neu trons for the LMW LWR-3-D

Pa ram e ter d = 1 d = 2 d = 3 d = 4 d = 5 d = 6

bd 0.000247 0.0013845 0.001222 0.0026455 0.000832 0.000169

ld 0.0127 0.0317 0.115 0.311 1.40 3.87

Fig ure 9. Rel a tive av er age power ver sus time for the
LMW LWR-3D



sults, the de vel oped sim u la tor can ac cu rately solve
tran sient prob lems in a nu clear re ac tor's core. Fur -
ther more, it was found that when us ing the de vel -
oped it er a tion al go rithm, no di ver gence ap peared
nei ther in static nor in tran sient cal cu la tions.

AU THORS¢ CON TRI BU TIONS

The cal cu la tions were done and checked by all
the au thors. Also, all the au thors par tic i pated in the
prep a ra tion of the fi nal ver sion of the manu script.
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TRODIMENZIONALNA  VREMENSKI  ZAVISNA  SIMULACIJA
NEUTRONSKE  DIFUZIJE  PRIMENOM  NODALNE  METODE  SA

RAZVOJEM  SREDWE  STRUJE  NEUTRONA  U  RED

Za vremenski zavisnu neutronsku simulaciju prelaznih pojava u jezgru nuklearnog reak-
tora razvijena je nodalna metoda sa razvojem sredwe struje neutrona u red. U tu svrhu, usvojen je
iterativni algoritam za re{avawe trodimenzionalne vremenski zavisne jedna~ine difuzije
neutrona. Po ovoj nodalnoj metodi, oblast jezgra reaktora mo`e se modelovati grubim mre`ama za
neutronski prora~un povezan sa umerenom prefcizno{}u rezultata. Prema implicitnoj dife-
rencijalnoj {emi, u vremenski zavisnim jedna~inama izvr{ena je diskretizacija ~lanova dife-
rencijalnih po vremenu. Predlo`ena strategija primewena je u nekim kineti~kim problemima,
ukqu~uju}i reaktor u vidu beskona~ne plo~e, dvodimenzionalni TWIGL reaktor sa prekriva~em i
trodimenzionalni LMW LWR reaktor. Najpre je odre|eno re{ewe u stacionarnom stawu za svaki
test slu~aj, a zatim je izvr{en dinami~ki neutronski prora~un tokom odre|enog vremena za
specifi~ni sce nario prelaznog stawa. Dobijeni rezultati stati~kih i dinami~kih re{ewa
verifikovani su pore|ewem sa poznatim referentnim vrednostima. Rezultati ukazuju na mo-
gu}nost razvijenog postupka prora~una da simulira prelazne pojave u jezgru nuklearnog reaktora.

Kqu~ne re~i: nodalna metoda, struja neutrona, gruba mre`a, difuziona jedna~ina, 
.........................pravougaona geometrija, vremenski zavisan prora~un, simulacija prelaznih stawa


