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Sto chas tic dif fer en tial equa tions are pro posed on the ba sis of gen er al ized Fokker-Planck-
-Kolmogorov equa tion. From the state ments of bound ary and ini tial value prob lems for
proba bil is tic den sity, dis per sion and dif fer en tial en tropy the con di tions for sta bil ity of so lu -
tions and changes in sce nar ios of de vel op ment of ran dom phe nom ena of heat and nu clear par -
ti cle trans fer are ob tained.
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INTRODUCTION

Sto chas tic dif fer en tial equa tions are used to
model many sit u a tions in clud ing pop u la tion dy nam -
ics, pro tein ki net ics, tur bu lence, fi nance, and en gi -
neer ing. Know ing the so lu tion of the sto chas tic dif fer -
en tial equa tions in ques tion leads to in ter est ing
anal y sis of the tra jec to ries. Most sto chas tic dif fer en -
tial equa tions are un solv able an a lyt i cally and other
meth ods must be used to an a lyze prop er ties of the sto -
chas tic pro cess [1]. From the sto chas tic dif fer en tial
equa tion, a par tial dif fer en tial equa tion can be de rived
to give in for ma tion on the prob a bil ity tran si tion func -
tion of the sto chas tic pro cess. Know ing the tran si tion
func tion gives in for ma tion on the equi lib rium dis tri -
bu tion (if one ex ists), and con ver gence to the equi lib -
rium dis tri bu tion. By New ton's sec ond law, the move -
ment of a Brownian par ti cle can be de scribed by the
dif fer en tial equa tion, called the Langev in equa tion,
given by m x t F x td d2 2/ ( , ),= where the force F(x, t),
is the sum of a de ter min is tic and ran dom forces. Thus,
the po si tion of the par ti cle at a time t, x (t), is a sto chas -
tic pro cess and our goal is to un der stand the tran si tion
prob a bil i ties in this model.

In this work the prob lems of sto chas tic de scrip tion
of de ter min is tic math e mat i cal mod els of heat trans fer are
dis cussed. Es pe cially im por tant is the ap pli ca tion of sto -
chas tic dif fer en tial equa tions in solv ing trans port of nu -
clear par ti cles (charged and un charged) through the ma -

te rial. This prob lem is ac tu al ized in re cent times cou pled
with the in creas ing trend to wards min ia tur iza tion of
elec tronic com po nents, which in creases their re li abil ity
in the field of par ti cle ra di a tion [2-4].

The fun da men tal po si tion is as fol lows: a so lu -
tion of a de ter min is tic prob lem is the ex pected value of 
its sto chas tic an a logue. The rel e vance of the prob lem
is in the fact that de ter min is tic prob lem nei ther re veals
the sta bil ity of sto chas tic phe nom ena nor the change of 
sce nar ios of its time de vel op ment. We pro pose the
method of in ves ti ga tion of so lu tions sta bil ity of dif fer -
en tial equa tions for the ex pected val ues of tem per a ture 
based on the anal y sis of dis per sion. Also, the change
of sce nar ios of de vel op ment of ran dom phe nom ena is
dis cussed sup ported by the in ves ti ga tion of dif fer en -
tial en tropy.

ANALYTICAL METHOD AND RESULTS

Clas si cal Fokker-Planck-Kolmogorov equa tion
[5-7], is writ ten with out the term which is re spon si ble
for spas modic be hav ior of ran dom phe nom ena which
has the fol low ing form
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Here, P(t, W) is prob a bil ity den sity func tion (in
what fol lows: PB), A(t, W) is drift co ef fi cient, and B is
Markov dif fu sion co ef fi cient where t is a time co-or di -
nate and W is a char ac ter is tic of ran dom field.
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The ba sis for ob tain ing sto chas tic an a logues of
prob lems cor re spond ing to de ter min is tic prob lems of
heat trans fer is the equa tion, pro posed in [8], which
gen er al izes Fokker-Planck-Kolmogorov equa tion for
the func tion of prob a bil ity den sity P (t, x, W), where x
is a space co-or di nate,writ ten with out a term re spon si -
ble for spasmodicity. It has the fol low ing form for de -
scrip tion of phe nom ena of heat con duc tiv ity
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Here, a is the co ef fi cient of the tem per a ture con -
duc tiv ity. 

The ex pected value of the tem per a ture and the
sec ond mo ment are
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and dis per sion is de noted by

s 2 2 1 2( , ) ( , ) [ ( , )]( ) ( )t x M t x M t x= - (4)

Dif fer en tial en tropy is in tro duced in the fol low -
ing way

S t x P t x P t x( , ) ( , , ) ln ( , , )= -
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Let us de scribe the ba sic facts of the phenomeno- 
log i cal mod el ing of ran dom phe nom ena. The fol low -
ing dis cus sion dif fers from the method of “lo cal ex -
pected val ues” [8, 9], but it also leads to the given
equa tion.

We con sider the clas si cal equa tion of heat con -
duc tiv ity as an equa tion for the ex pected val ues
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If we re-write this equa tion in the fol low ing form
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we ob tain
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In this equa tion there are no terms re spon si ble for
ex te rior ran dom in flu ence. Since the prin ci ple of cor re -
spon dence has to hold, the equa tion for PB with the
fixed space co-or di nate and zero value of co ef fi cient of
tem per a ture con duc tiv ity has to re duce to the clas si cal

Fokker-Planck-Kolmogorov equa tion, which on the
right hand side con tains the com po nent with the drift
co ef fi cient and the com po nent with the Markov dif fu -
sion co ef fi cient. Con se quently, in or der to re spect the
prin ci ple of cor re spon dence, the equa tion for PB has to
be writ ten in the fol low ing form
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Let us prove, that un der the unique ness con di -
tions
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for which the fol low ing equa tions are sat is fied
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the con di tion of nor mal iza tion of PB (to the unit)
holds. We ob tain
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Since PB and its de riv a tives are zero at in fin ity,
we ob tain that the right hand side of the last equa tion is
zero
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and get a prob lem for a par a bolic equa tion with uni tary
unique ness con di tions. From the unique ness of the so lu -
tion for such a prob lem, we con clude that 

P t x( , , )W Wd =ò-
+ 14
4  for all pos si ble space and time co-or -

di nates and so the nor mal iza tion con di tion is sat is fied.
Let us also note that all func tions in the unique -

ness con di tions for PB are nonnegative. Ow ing to the
prin ci ple of max i mum for a par a bolic equa tion we
con clude that for all pos si ble val ues of space and time
co or di nates the PB is nonnegative.

If we de rive the time de pend ence of en tropy on
dis per sion in the case of nor mal dis tri bu tion,we cal cu -
late
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TEMPERATURE IN A ROD

Let us con sider the prob lem for the de scrip tion
of sto chas tic be hav ior of tem per a ture in a rod at the
mo ment of time 0 £ t £ t1. We have [7]
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Sto chas tic mode of the be hav ior of rode tem per -
a ture at mo ments of time 0 £  t £ t1 is de scribed by the
nor mal dis tri bu tion law [7]
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Here, s1(t) = const ¹ 0 and the en tropy S(t) =
=.s1(t) ln( ) //2 1 21 2p + . Tem per a ture on the bound ary
and within a rod up to the mo ment t1 is con stant and it
is equal to the ini tial tem per a ture M t M

T T
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0
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Start ing from the mo ment of time t1, the dis per -

sion ex pe ri ences a jump and it is equal to 
s s2

2
1
2= >const . State ment of the prob lem for ex -

pected   val ues   of   tem per a ture   at   mo ments  of  time
t1 £ t £ t2 has the fol low ing form [7]
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Also, we sup pose that sto chas tic mode of tem -
per a ture be hav ior at the bound aries and in side the re -
gion at mo ments of time t1 £  t <  t2 is de scribed by nor -
mal dis tri bu tion
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Dif fer en tial en tropy, as well as dis per sion at the
mo ment t2, ex pe ri ences a jump, which fore tells soon
change of the be hav ior of tem per a ture of the rod. In the
mean time, at mo ments of time t1 £  t < t2 tem per a ture on
the bound ary and in side the rod is con stant and equal to 
M t M t t t x l

T T
( ) ( )( ) , , ,1

0
1

1 20 0= = ¹ £ < £ £const ..i. e., 
it is the same as it was till t2. 

Sup pose that, start ing from the mo ment t3 > t2,
the dis per sion ex pe ri ences a new jump and in creases
with time, for ex am ple, by the lin ear law 
s s a3
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let the sto chas tic mode of tem per a ture be hav ior at the
bound ary of the rod x = l at the mo ment t3 > t2 is also
given by the nor mal dis tri bu tion
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We con sider the case when, start ing from this
mo ment of time t3, the state ment of the prob lem for ex -
pected val ues is changed, for ex am ple, as fol lows
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Here, the bound ary con di tion for x = l has changed. 
Dif fer en tial en tropy S t t( ) ( ) ln( ) //= +s3

1 22 1 2p  at
mo ment t3 ex pe ri ences a new jump, rep re sent ing a ma jor
be hav ior of tem per a ture field. Tem per a ture has stopped
be ing con stant and started to change by the law
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where F is the er ror func tion.

CONCLUSION

This anal y sis shows that un der the given unique -
ness con di tions the nor mal iza tion of prob a bil ity den -
sity holds and it is not pos si ble to pre dict change of
sce nar ios of be hav ior of ran dom phe nom ena only by
fol low ing the ex pected val ues. This change fol lows in
the re sult of the anal y sis of the emer gence of jumps of
dis per sion and dif fer en tial en tropy at the bound ary of
the re gion.
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STOHASTI^KI  MODELI  PRENOSA  TOPLOTE  I  NUKLEARNIH  ^ESTICA
BAZIRANIH  NA  GENERALIZOVANOJ  JEDNA^INI

FOKER-PLANK-KOLMOGOROVA

Stohasti~ke diferencijalne jedna~ine predlo`ene su na bazi generalizovane jedna~ine
Foker-Plank-Kolmogorova. Iz grani~nih i po~etnih uslova problema gustine verovatno}e,
disperzije i diferencijalne entropije dobijeni su uslovi stabilnosti re{ewa i promene u
scenariju razvoja slu~ajnih pojava prenosa toplotnih i nuklearnih ~estica.

Kqu~ne re~i: stohasti~ka diferencijalna jedna~ina, disperzija, stabilnost re{ewa


