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The theories that combine two different approaches in dealing with interacting objects, for
instance, treating electromagnetic laser field classically, and the interacting atom as a quan-
tum object, have some ambiguities and, as such, they should be labeled as “mixed”. From the
Noether's Theorem Corollary, which we proved earlier, about the conservation laws of en-
ergy, momentum and angular momentum in mixed theories, follows that the aforementioned
theories do not support the law of angular momentum/spin conservation (to be precise, the
obtained result does not imply that the law of conservation of angular momentum and spin is
not valid generally, but rather that mixed theories can produce the results which might violate
this law). In present paper, an additional explanation following our Corollary is given to why
the calculation of the stopping power in the fully quantized theory gives better results than
those that were obtained in mixed theories, which further confirms the predictions of our

Corollary.
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INTRODUCTION

In earlier papers [1, 2] it was emphasized that
theories describing the behavior of atoms in strong la-
ser fields treat the atom as a quantized object and that
the electromagnetic field is treated classically. We
have already suggested that these theories should be
called “mixed”. Although using mixed theories in the
beginning of the Quantum Theory was considered un-
pleasant [2], these theories (which combine the classi-
cal and the quantum approach) have shown their vital-
ity (for instance, the ADK theory [3]) not only in the
case of strong laser fields but also in case of
super-strong fields. Also, in calculating the stopping
power in Radiation Physics until very recently the situ-
ation could have been described in a similar manner: a
projectile atom was considered a point-like object
pretty much as in the classical case, and the rest of the
theory was based on the first Born approximation
which is a fully quantum approach [4]. Sigmund and
Haagerup [5] also treated the problem using the classi-
cal and the quantum approach (again, a “mixed” the-
ory) — the projectile was treated as a classical charged
particle and the target as a quantum harmonic oscilla-
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tor. Later, Cabrera-Trujillo [6], based on [5], included,
more thoroughly (but not completely), the quantum
mechanical approach. However, Stevanovi¢ and
Nikezi¢ [7, 8] felt the need to treat both projectile and
target as a set of quantum harmonic oscillators, thus
improving the procedure for a more precise calcula-
tion of the stopping power.

THE COROLLARY TO
NOETHER'S THEOREM

In order to shed some new light on the aforemen-
tioned results, we shall concisely present some of our
earlier arguments [2], and prove the Corollary to
Noether's theorem about the behavior of mixed theo-
ries when they treat the angular momentum and spin.

In the following paper [2], we could thus re-
phrase the formulation of Noether's theorem: To any
s-parametric continuous transformation of field func-
tions and co-ordinates, which keeps the variation of
action zero, there are corresponding s-dynamic
invariants (i. e. a constant in time combinations of field
functions and their derivatives).

In what follows, the Greek indices are denoting
4-co-ordinates of space-time (0-3) while the Latin
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ones are denoting the spatial 3-co-ordinates (1-3). The
starting point is the expression (11) from [9], adjusted
to our present needs
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which describes the tensor quantity that appears in the
action integral obtained for the s-parametric transfor-
mations (here L(x) is the Lagrangian of the system, and
covariant derivative is denoted by ;). The usual
method is to introduce an infinitesimal transformation
of 4-coordinates, for which the infinitesimal continu-
ous space-time translations are chosen

X o x" =x" +6x" 2)

while, for the transformation of field functions, one
has
Uy, (x) = u), (x")=u, (x)+0u, (x) 3)

The variations 6x* and Su,, are expressed using
the infinitesimal linearly independent parameters of
the transformation 6"

ox" = Y X 0w, dSu,(x)= YV, 00" (4)
1<v<s l<vss

where s represents the number of parameters of trans-
formation, and is not restricted by our confining Latin
indices to three dimensions, i. e. it could be a number
greater than three; Sw" are parameters themselves.

Now, by returning to the expression (2), choos-
ing for parameters of transformation the infinitesimal
translations ox*, one obtains, from (4)
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Then follows that the tensor 6], from the eq. (1)
becomes a mixed second rank tensor
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or, written in its fully contra variant form
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In [9, 10] it shown that integrals over the
three-dimensional configuration space, more pre-
cisely, the integrals of the type

C,(x")=1600dx% (8)
are constant in time.

For the zero component of tensor 7’ Ax (7), such
an integral would give a constant in time 4-vector

P* =[5 )

A zero component of this vector is, in fact, a
Hamilton function of classical mechanics, i. e. the en-

ergy.

As time and space translations (which are in-
volved in transformation (2) that is responsible for the
resulting conservation laws) were not quantized in all
physical theories (i. e. as time and space are homoge-
nous in the same manner both in classical and quantum
case), the part of the theory which uses the classical ap-
proach can be smoothly connected with the one that
uses the quantum approach. Therefore, the law of con-
servation of momentum/energy is obtained. In order to
separate the energy part from the momentum part, only
the double zero component 7% of tensor (7) could be
taken

E=P° =[T"d% =const. (10)

obtaining thus the conservation law of energy alone,
which is the result of the time translation. As the time is
homogenous in the same manner in both the classical
and quantum case, the expression (10) is applicable to
mixed theories.

Now, the infinitesimal Lorentz rotations will be
introduced into the eq. (2): 6x* —JL,,, where 5L,,,
are the infinitesimal parameters of the rotations; since
they are anti symmetrical and independent parameters
six of them can be chosen in total

00 ) :5Luv’ (u<v) (11)

which represent the infinitesimal angles of the rotation
in the x,,x, plane.

After some calculations, the following expres-
sions, as per [2, 8], are obtained

X P9 =x5P —xPSC (12)

and also
PP = 4,0, (x) (13)

where the quantity 4 ;(’”) is given, for vector fields, as
407 =50g" 57", (p<o)  (14)

In accordance with eqgs. (12)-(14), the expres-
sion for 4-angular momentum tensor follows

MTPO :7& (u)Px% —ul’xP )+
Vit
L ,
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The first term in (15) can be represented as
(po) _
M7 =x°TP" —xPT" (16)

which is easily identified as an orbital angular momen-
tum of the wave field, while the second part is denoted
in the following manner

oL
Ou

a

57 = _ ALPy, (17)

and it characterizes the polarization properties of the
field in the case of the multi component fields, when
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the last term in eq. (15) is different from zero. In the
quantum case (17) corresponds to the spin of the parti-
cle as described by the quantized field, as per [2, 9].

When the 4-rotations of space-time are chosen,
they result in the conservation of 4-angular momen-
tum (i. e. 3-angular momentum and spin), but this is
not applicable to mixed theories, as the rotations,
which are continuous in the classical theory, have to be
quantized in the quantum theory'. This changes the
type of continuity of parameters, since in the classical
case, one uses continuous functions, while in the quan-
tum case, operators (the counterparts to functions) are
used, and they are not continuous, but closed. The
closeness [2, 10] is the quality of operators in Hilbert
spaces, which is necessary in order to use them in the
quantum mechanical formalism, if they are not
bounded, and thus not continuous. This is the case
with most of the fundamental quantum mechanical op-
erators, such as the angular momentum operator, so in
that sense the closeness of an angular momentum op-
erator (as a parameter in Noether's theorem) changes
its type of continuity as compared to the parameters
based on classical functions. It can be said that the iso-
tropy of space is somehow broken (indicating that
space is not isotropic in mixed theories). Conse-
quently, there can be no smooth connection between
the classical and quantum part of the theory, hence for
such theories the conservation of angular momentum
and spin is not working.

In this manner was proven the following [1, 2].

Noether's theorem corollary

Physical theories that combine (“mix”) quantum
and classical approach do support the law of en-
ergy/momentum conservation, but do not support the
law of angular momentum/spin conservation.

It should be stressed out that this proof, being
all-inclusive, holds for all mixed theories.

The aforementioned result does not imply that
the law of conservation of angular momentum/spin is
not valid generally, but rather that mixed theories are
producing results which might contradict this law.
This shortcoming of mixed theories is not so often evi-
dent since most of these theories do not deal with an-
gular momentum/spin (for instance, the ADK-theory,
explaining the process of tunneling ionization of at-
oms by strong laser fields). At this point we are weak-
ening our argument, as it is not needed to rule out the
whole mixed theory, because it fails to support one
specific law of conservation. Thus the suggestion to
the scientists that use mixed theories in their re-
searches is to carefully check the part of their results
referring to the angular momentum/spin.

' As rotations involve time (in order to obtain spin) one has a
different sitution in the classical and quantum case [9]

DISCUSSING THE RESULTS OF
STEVANOVIC AND NIKEZIC

In the fig. 1, taken from [7], the results of the
Bethe theory [4], the Carera-Trujillo theory [6] and
the Stevanovi¢-Nikezi¢ theory [7] are shown, together
with the SRIM (The stopping and range of ions in
matter — the group of programs for calculating the
stopping power and range in matter for ions up to
2 GeV per nucleus), which is based on the SRIM simu-
lation of experimental data.
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Figure 1. The stopping power of hydrogen for hydrogen
ion as calculated per Bethe's, Cabrera-Trujillo's, and
Stevanovié-Nikezi¢ theories

In the domain of higher energies of the hydrogen
projectiles, the stopping power exhibits a behavior
that is the same in every mentioned theory as they are
powerful enough to go through matter, without much
interacting with it. Thus, due to the great speed of the
projectiles, the interaction with matter electrons is di-
minished and the influence of angular momentum and
spin during the interaction is reduced, so the effects of
our Corollary are not so important. But concerning the
results for lower energy, the situation is quite different:
as the hydrogen projectiles move at significantly
lower velocities as they move through the matter than
in the previous case, the angular momentum and spin
manage to contribute a lot more to the interaction, so
the Corollary can be applied, thus explaining why the
Stevanovi¢-Nikezi¢ theory [7] is closer to the data ob-
tained from the SRIM then from other theories.

CONCLUSIONS

The corollary of the Noether's theorem, proven
in [2] and briefly presented here, enables us to estab-
lish the criteria for using mixed theories. It is more
qualitative than quantitative criteria, but it can be a
good guide when dealing in the area of mixed theories,
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which are very often used in the field of atomic, molec-
ular and optical physics and radiation physics, also.

Here we have shown how the degree, to which
the theory has been mixed, influences its results.
The best fit with the experimental results exhibits
the Stevanovi¢-Nikezi¢'s theory which is fully
quantized (and so not mixed at all), then the
Carera-Trujillo's approach that is slightly mixed
(because it treats the projectiles as partially stripped
classical ions), and finally the Bethe's theory, which
is the most extreme example of the mixed theories
amongst all three, and the one that shows the most
discrepancy with the SRIM data.
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CTUHAIBE NOYB/BET YBUIOA Y INIPOBJIEME 3AYCTABHE MOERU
Y PAIMJAIIMOHOJ ®U3NIIN KOPUIIREILEM KOPOJAPA
HETEPUHE TEOPEME

Teopuje koje KOMOUHYjy fiBa pa3iMuMTa OPHUCTyNa y pa3MaTpamy MHTeparyjyhux Tena, Ha
npuMep, aKo TPETHPAjy eIeKTPOMarHeTHO MoJbe Jlacepa KJIaCHYHO, a MHTeparyjyhn aToM Kao KBaHTHH
o6jexar, moceqyjy ofpebeHe HeloCIeqHOCTH, M Kao TakBe O Tpeballo fja ce Ha3uBajy “memoButum”. U3
koposapa Hetepune TeopemMe (KOju CMO TOKa3ald paHMje) O 3aKOHMMa OffpyKarba CHePruje, HMITysica u
MOMEHTA MMIIyJIca Y MEeIIIOBUTHM TE€OpHjaMa, CIIE[IN a TOMEHYTe Teopuje He NOoIpKaBajy 3aKOH Ofip>Kamba
MOMEHTa UMIyJica/cinHa (Mpenn3Huje, A00ujeH pe3ysTaT He 3HaUH /la 3aKOH OfjpsKaka MOMEHTAa HMITyJICa
U CIIMHA He BaXkKW Kao TakaB, Beh fja MemoBuTe Teopuje MOTy AaTH pe3yiTaTe Koju Ou MOTIIU fia Hapylie
MOMEHYTH 3aKOH). Y OBOM pajly IaTo je MOJAaTHO OOjalllibeibe, Koje CIENU W3 Haller KopoJapa, 3aliTo
u3pavyyHaBame 3aycTaBHEe MOhM y NOTIYHO KBaHTHO] TEOpHjH jaje O0Jbe pe3yaTaTe off OHUX KOjHU ce
no0ujajy y MEIIOBUTHM TeOpHjaMa, IITO JOlaTHO NOTBphyje npensubarma Haller Koposapa.

Kwyune peuu: 3aycitiagna moh, K8aHIIHU XapmMoHUjcKU ocyuaaiiop, Heitiepuna itieopema,
Meuosuilia meopuja, 3aKoH 00PHCarLa



