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A new method for fit ting glow curves, de scribed in a mixed or der ki net ics model, with
Gauss-Lo rentz func tion is shown. The o ret i cal ex pres sions of the mixed or der ki net ics model
are shown in a new way, so that the val ues of ki netic pa ram e ters can be ob tained through the
geo met ric pa ram e ters. When the model is de scribed in this way it is pos si ble to cal cu late pre -
cisely  the ki netic pa ram e ters such as ac ti va tion en ergy, pre-ex po nen tial fac tor and the fac tor 
a = n0/(h + n0). At the same time, ob tained val ues of geo met ric pa ram e ters of the ex per i men -
tal curve, which is de scribed with the Gauss-Lo rentz func tion, can be used to es ti mate the ki -
netic model, in which thermoluminescence re lax ation oc curs. This gives a pos si bil ity of a new
ap pli ca tion of Gauss-Lo rentz func tion to be used as a cri te rion for as sess ing model of re lax -
ation, when it is not known in ad vance. The ac cu racy of fit ting is stud ied, for the spe cific cases
of com puter sim u lated thermoluminescent curves with one peak.
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INTRODUCTION

 The gen eral or der and mixed or der ki netic mod -
els [1, 2] have a great the o ret i cal im por tance, be cause
those can be ac cu rately de scribed by math e mat i cal ex -
pres sions, which help a better un der stand ing of the
phys i cal phe nom ena and the in flu ence of var i ous pa -
ram e ters on the thermoluminescent (TL) pro cess.
While the gen eral or der model is the math e mat i cal
model which ap prox i mately de scribes any real TL
pro cess, the mixed or der ki net ics model de scribes the
real phys i cal pro cess which is less pos si ble. How ever,
they are im por tant as tools which en able us to find the
ways in which TL pro cesses can be an a lyzed. Their ad -
van tage is that the re sults can be ac cu rately com pared
due to the ex act math e mat i cal ex pres sions that de -
scribe them. This pa per re fers to the pro ce dure for ob -
tain ing the an a lyt i cal pa ram e ters for cal cu lat ing the TL 
model of the mixed or der ki net ics and ex am ines the
pos si bil ity of eval u a tion of the ki netic model for the
TL re lax ation, from the shape of ex per i men tal curves.

Prac tice has shown that the TL curves with a
max i mum, which can be de scribed with the dif fer ent
ki net ics mod els, are very sim i lar and it is dif fi cult to
de ter mine the cor rect TL ki net ics model from the
shape of the ob tained ex per i men tal curves. Also, the
si mul ta neous us age of sev eral dif fer ent fit ting func -

tions and choos ing the clos est one can pro vide only
lim ited re sults, be cause it of ten hap pens that ex per i -
men tal curve can be suc cess fully ad justed with dif fer -
ent func tions. The re sults of these ad just ments are TL
pa ram e ters and val ues that sig nif i cantly de vi ate from
the cor rect val ues, be cause the re sults strongly de pend
on the ap plied model. On the other hand, TL re lax ation 
curves ob tained from dif fer ent mod els cer tainly dif fer.
The idea of this pa per is to find such a fit ting func tion,
where TL val ues of pa ram e ters will not be ac quired
im me di ately, but the pa ram e ter val ues that will give an
es ti mate of the ki netic model and the TL val ues of the
pa ram e ters will then be cal cu lated on the ba sis of the
cal cu la tion method, ap pli ca ble to this model.

This fit ting func tion is de scribed with geo met ri -
cal pa ram e ters and con tains all the pa ram e ters re -
quired to de scribe its shape. The ob tained val ues of
geo met ric pa ram e ters have to en able ac cu rate cal cu la -
tion of the TL model pa ram e ters, so that this ad just -
ment pro cess should be ver i fied.

MIXED ORDER KINETICS MODEL

Mixed or der ki net ics model is shown with the
fol low ing equa tion [2]
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where  at  a  time  t [s],  I [cm–3s–1]   is   the  TL  in ten sity,
n [cm–3] – the elec tron con cen tra tion in traps, h [cm–3]
– the ini tial  elec tron  con cen tra tion  in  in ac tive  traps,
s' [cm3s–1] –  the  pre-ex po nen tial fac tor, T (K) – the
ma te rial   tem per a ture,   R   [Ks–1]  –   the   heat ing  rate,
E [eV] – the en ergy po si tion of a sin gle ac tive trap, and
k [eVK–1] – the Boltzmann con stant. As shown, for the
sec ond or der ki net ics [3], the cal cu la tion of the term h
that is mul ti plied by s' is im pos si ble. There fore, it is
more con ve nient to in tro duce, in stead of pre-ex po nen -
tial fac tor s', a new pre-ex po nen tial fac tor s(h) = s' h [3].
TL in ten sity could be shown by the equa tion [4]
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When cal cu lat ing the pa ram e ters by us ing a nor -
mal ized form of glow curves i, where Im is glow curve
max i mum, and nm is the con cen tra tion of free car ri ers at
the max i mum, then the fol low ing re la tion is valid [5]
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One of the im por tant pa ram e ters of TL curves,
which can be ob tained di rectly from the ex per i men tal
TL curve, is the sym me try fac tor ms, which is de fined
by the re la tion ship [6]
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n
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(4)

From the above re la tions, the ex pres sions for
cal cu lat ing the ac ti va tion en ergy E of the ac tive traps
can be ob tained
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and the sym me try fac tor
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where Dm = 2 kTm/E and pre-ex po nen tial fac tor s(h)

s R
E

kT

E

kT

h

m m

( ) exp= -
æ

è

ç
ç

ö

ø

÷
÷

æ

è
ç
ç

ö

ø
÷
÷

2
2deff

(7)

Us ing the equa tions listed above, for each spe -
cific ex per i men tal TL curve, which is de scribed with
the mixed or der ki net ics model, the pa ram e ters E,
s(h), and a can be cal cu lated. Cal cu la tion method,
based on the it er a tive pro ce dure is shown in de tail in
ref. [4]. 

If the eq. (5) for cal cu lat ing the ac ti va tion en ergy 
is writ ten as

E
lkTm=

2
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 then, one can de fine a pa ram e ter that de scribes the or der 
of  ki net ics  l  in  the  mixed  or der  ki net ics model [4, 7]
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When the pa ram e ter  a  ob tained from this equa -
tion, is re placed in the eq. (6) it can be ob tained
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and the equa tion for cal cu lat ing the sym me try fac tor is
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De rived equa tion is much more suit able for an a -
lyt i cal cal cu la tions be cause the equa tion takes the
form in which the value of the sym me try fac tor is ex -
plic itly shown. To ac cu rately cal cu late the sym me try
fac tor more mem bers of the de vel op ment can be used
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and the fol low ing equa tion is ob tained
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Based  on   this  equa tion,  it  is  pos si ble  to  draw
a  curve  sym me try  fac tor  as  a  func tion  of  ki net ics or -
der,  for  each  spe cific  pa ram e ter  value Dm (fig. 1).
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Fig ure 1. De pend ence of the sym me try fac tor on the
or der of ki net ics for dif fer ent val ues of Dm: (1) 0.15, (2)
0.1, and (3) 0.05



The im por tant range of val ues, for prac ti cal cases is
0.15 < Dm < 0.05 [5]. An a lyz ing the curves for dif fer -
ent val ues of the  ms it can be con cluded that in the
range of l val ues, from 1 to 2, the func tion can be re -
placed by a lin ear func tion with a high pre ci sion

ms = +Al B (14)

where A and B are the fac tors ob tained by ad just ing the
lin ear func tion (14) with the ex act val ues ob tained us -
ing eq. (13). To achieve higher ac cu racy of cal cu la -
tions when cal cu lat ing the sym me try fac tor more
mem bers of the or der can be taken, but it is enough to
take the first three mem bers of the de vel op ment.

If the dis tances be tween in di vid ual curves are
linearized, the equa tion de scribes the  ms de pend ence
on l and Dm is ob tained. For an ap prox i ma tion fac tor, it
is more con ve nient to use a first-or der poly no mial,
sub sti tut ing
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Solv ing the eqs. (14) and (8) to cal cu late the or -
der of ki net ics l, a qua dratic equa tion is ob tained
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Pa ram e ter val ues deff, Tm, and ms =  deff/weff are
di rectly ob tained from the ex per i men tal curve. Pa ram -
e ters E, s 

(h), and a are cal cu lated an a lyt i cally from eqs. 
(7), (8), and (10). The ad van tage of this equa tion is that 
the value of ki net ics or der cal cu lated im me di ately and
does not re quire an it er a tive pro cess.

ASYMMETRIC
GAUSS-LORENTZ FUNCTION

It was shown ear lier that the re lax ation rate or
phos pho res cence in TL pro cess flows by the ex po -
nen tial law, in the case of first-or der ki net ics model
and by the hy per bolic law, in the case of sec ond or -
der ki net ics model [8]. There fore, at the lin ear
change in tem per a ture of the sam ple, it can be as -
sumed that the TL glow curves can be de scribed by
some forms of Gauss-Lo rentz func tion [9] in the
range be tween the first and the sec ond or der ki net -
ics. Since TL curves gen er ally have an asym met ric
shape, it is nec es sary to use asym met ric forms of
Gauss-Lo rentz func tions. Based on cur rent forms
Gaussi an, Lo rentz, Gauss-Lo rentz, and asym met ric
func tion it is pro posed to use the fol low ing form of
Gauss-Lo rentz asym met ric func tion [10] 
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where w is the curve width, at half max i mum in ten sity,
z – the pa ram e ter which de ter mines shape of the curve,
b – the pa ram e ter which char ac ter izes the de gree of
asym me try of the curve, and Im – the value of max i -
mum in ten sity of TL curve. When z = 1 eq. (17) de -
scribes an asym met ric Lo rentz curve, for z = 0 asym -
met ric Gaussi an curve. In prac tice, the curves ob tained 
by us ing eq. (17) were quite a bit dif fer ent from the
Gaussi an curve, for the range of val ues z < 0.08 [9, 10]. 
At the same time, it was shown that this func tion, de -
scribes quite well the glow curves that were ob tained
by gen eral or der ki net ics model [10]. It can, also, be
as sumed that the curves ob tained by the mixed or der
ki net ics model could be de scribed with the same func -
tion as they are very sim i lar to the curves of the gen eral
or der ki net ics model. 

For the cal cu la tion pa ram e ters of the model of
the mixed or der ki net ics it is nec es sary to de ter mine
the pa ram e ters deff, Tm, and ms = deff/weff. When by def -
i ni tion is [5]
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It is nec es sary to cal cu late the integrals of func -
tions (18) and (3) in the ranges from –4  to +4 and from
Tm to +4. It was shown, that the val ues of these integrals
could be cal cu lated with suf fi cient pre ci sion. If Z = 1/z
is sub sti tuted in eq. (17) be fore cal cu lat ing the in te gral,
the three groups of so lu tions were ob tained.

For the pos i tive value of the pa ram e ter Z, func -
tion integrals (3) and (18) are cal cu lated us ing the
equa tions
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for the neg a tive value
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and for the value z = 0, or Z ® 4  
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where G (Z) is the value of the gamma func tion of the
pa ram e ter Z. 

In tab. 1 the val ues  Tm(K),  w(K), b, and z of fit ting
the syn thetic curves to Gauss-Lo rentz func tion and the
cal cu lated val ues of the  pa ram e ters Ec, sc

(h), and ac, are
shown. The syn thetic curves were es tab lished for the
fol low ing  con stant  pa ram e ters:  E  =  1 keV, s = 1010/s,
R = 1 K/s, N = 1010/cm3, and for change able pa ram e ters: 
trap fill ings f and fac tor a.

DISCUSSION 

Ac cord ing to the de vel oped and ac cepted the ory
of phos pho res cent and TL re lax ation, the glow curves
are the re sult of com pe ti tion be tween the cap ture cen -
ters in the phos phor ma te rial [11]. The com plex ity of
the prob lem, de pends on the num ber of dif fer ent types
of the cap ture cen ters and their phys i cal char ac ter is -
tics. When solv ing the sim pler prob lems, one usu ally
as sumes the pres ence of one type of re com bi na tion
cen ters and the one or two types of traps or cap ture
cen ters. Based on these char ac ter is tics of phos phor
ma te rial, the glow curve hav ing one max i mum is ob -

tained and it matches only a spe cific ki net ics model.
Vi su ally, it is im pos si ble to es ti mate what type of ki -
net ics model should be ap plied to the anal y sis of some
glow curves. The gen eral fea ture of these ki net ics
mod els is that the lu mi nes cent pro cess can dom i nate
and then the TL pro cess can be de scribed by the first
or der ki net ics model, or if re-trap ping pro cesses are
dom i nant, then the TL pro cess can be de scribed by the
model of sec ond-or der ki net ics. When the value of ki -
net ics or der is be tween one and two, then none of the
above pro cesses are dom i nant and on the ba sis of ob -
tain ing glow curve, it is not pos si ble to es ti mate what
type of ki net ics model is ap pli ca ble and what is the
value of its or der of ki net ics.

In the case of ki netic mod els, de fined for phos -
phor ma te ri als, with one type of lu mi nes cent cen ters
and one type of traps, and if there is a re-trap ping pro -
cess in the ma te rial, then the prob a bil ity of  re-trap ping 
de pends on re-trap ping co ef fi cient and the con cen tra -
tion of empty traps. When the con cen tra tion of empty
traps is small at ini tial time, then TL pro cess takes
place ap prox i mately as the first-or der ki net ics model.
How ever, as the prog ress of the pro cess leads to in -
crease the con cen tra tion of empty traps and re-trap -
ping pro cess in creases, which means that the pro cess
of TL re lax ation is closer to the sec ond-or der ki net ics
model. This pro cess goes rel a tively quickly, be cause,
as the prob a bil ity of re-trap ping in creases, so the prob -
a bil ity of lu mi nes cence de creases due to de crease of
free car ri ers con cen tra tion in the traps. There fore, this
shape of glow curve is ap proach ing fast the shape of
the curve de scribed by the Lo rentz func tion. When a
suf fi cient num ber of traps are de pleted, so that re-trap -
ping be comes dom i nant, than the TL re lax ation will be 
car ried out by the model of sec ond-or der ki net ics, con -
tin u ously. This type of ki net ics is de scribed by a dif fer -
en tial equa tion which can not be solved an a lyt i cally,
but it is of ten ap prox i mated, by the gen eral or der ki -
net ics model, which gives equa tion that is solv able an -
a lyt i cally.
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Table 1. The calculated values of the parameters of synthetic curves of mixed order kinetics model

a f Tm [K] w [K] b z CHI2 Ec [keV] sc
(h)[s–1] ac

0.20 1.00 424.444 38.650 –0.280 0.0072 1.18×10–7 1.00 3.52×1010 0.19

0.60 1.00 441.211 48.811 –0.137 –0.0020 1.62×10–5 1.01 7.73×109 0.61

0.99 1.00 447.261 56.881 –0.086 0.2665 4.63×10–6 0.99 3.80×107 0.99

0.20 0.75 428.600 39.401 –0.277 0.0013 9.40×10–8 1.00 2.94×1010 0.21

0.60 0.75 445.747 49.794 –0.137 –0.0025 1.35×10–5 1.01 5.76×109 0.61

0.99 0.75 451.902 58.037 –0.087 0.2658 7.33×10–7 0.99 7.33×107 0.99

0.20 0.50 434.666 40.495 –0.276 0.0012 1.01×10–7 1.00 1.94×1010 0.20

0.60 0.50 452.280 51.225 –0.135 –0.0026 1.33×10–5 1.01 3.86×109 0.61

0.99 0.50 458.600 59.587   0.089 0.2772 4.04×10–6 0.99 3.97×107 0.99

0.20 0.25 445.400 42.478 –0.274 0.0071 9.04×10–8 1.00 9.67×109 0.20

0.60 0.25 463.918 53.792 –0.134 –0.0079 131×10–5 1.01 1.97×109 0.61

0.99 0.25 470.500 62.577 –0.091 0.2655 3.99×10–6 0.99 2.40×107 0.99



The TL re lax ation for gen eral case of phos phor
ma te ri als, with one type of re com bi na tion cen ters and
two types of traps, of which the one type of cen ters ac -
tive, and the other in ac tive, it is known as a non-in ter -
ac tive ki net ics.

Ki net ics or der for a sim ple phos phor ma te rial
that con tains only one type of traps and one type of lu -
mi nes cent cen ters de pends on the rel a tive ra tio be -
tween the re-trap ping fac tor and fill ing fac tor. The sec -
ond-or der ki net ics is achieved when traps are filled
slightly, or the re-trap ping fac tor is high. It could be as -
sumed, that the value of re-trap ping fac tor is small, for
some phos phors. Be cause at some mo ment, at the end
of the pro cess of re lax ation, traps fill ing are much
smaller than the free car ri ers re-trap ping, which have a 
con stant value for a given ma te rial, the re lax ation pro -
cess be comes the sec ond-or der ki net ics and ends with
it. In the ory, the ki net ics of a pro cess can be gin and end 
with the sec ond-or der ki net ics, even in the case of high 
traps fill ing, when the value of re-trap ping fac tor is
equal to one. The rea son for this is, that re com bi na tion
is al ways iden ti cal to de crease of re-trap ping events
and in crease of re com bi na tion is al ways equal to the
re duc tion of the re-trap ping events. The re sult of this
is, that the sum of re com bi na tion and re-trap ping
events is al ways con stant and the whole re lax ation
pro cess flows in the same way from the start to the end. 
It can be con cluded, that the sec ond-or der ki net ics pro -
cess is sta ble and the re lax ation pro cess is ap proach ing 
slowly to the above ki net ics. The first-or der ki net ics
pro cess takes place in a com pletely dif fer ent way. Rel -
a tively small changes in the con cen tra tion of the ac tive 
traps, will cause rel a tively large changes in the curve
shape, in the re duc tion re com bi na tion and in crease in
re-trap ping.

When phos phor con tains in ac tive traps, it sig nif i -
cantly af fects the re lax ation pro cess it self. Be cause of
elec tri cal neu tral ity of ma te ri als, the in ac tive traps in -
crease the con cen tra tion of re com bi na tion cen ters. If the
pro cess starts from the first-or der ki net ics, then emp ty ing 
the traps will not sig nif i cantly im pact the pro cess per for -
mance, be cause the prob a bil ity of re com bi na tion will be
al ways much higher than the prob a bil ity of re-trap ping,
due to the much higher con cen tra tion of re com bi na tion
cen ters. The sit u a tion is quite dif fer ent when the pro cess
be gins to per form with the sec ond-or der ki net ics. In this
case, the re-trap ping pro cesses are dom i nant till the mo -
ment when the rel a tive ra tio of re-trap ping co ef fi cients
and co ef fi cients of the lu mi nes cent re com bi na tion pre -
vail over the ra tio of con cen tra tions of re com bi na tion
cen ters and ac tive traps. Due to the pres ence of a con stant 
con cen tra tion of re com bi na tion cen ters in the ma te rial, at 
one point, the ki net ics of the pro cess will change rel a -
tively quickly into the first or der ki net ics. In the ma te ri -
als, near to the first-or der ki net ics, there are no sig nif i cant 
changes in the pro cess and it is sta ble. Based on the given
anal y sis, it can be con cluded that the pro cesses, used to
de scribe changes of the ki net ics in the gen eral or der and

mixed or der ki net ics model are op po site. This can be
seen from the anal y sis of pa ram e ter z val ues, which de -
scribes the shape of the Gauss-Lorenz curve (fig. 2).
There fore, it can be con cluded that the shape fac tor z, can
be used to es ti mate which of the two ki net ics mod els
(mixed or gen eral or der ki net ics) should be ap plied in the
anal y sis some of un known glow curves. In this way, the
Gauss-Lo rentz func tion can also be used as a cri te rion to
eval u ate the ki net ics model that can be ap plied in the
anal y sis of a glow curve.

CONCLUSIONS

In this pa per it is shown that the glow curve,
which is de scribed by the mixed or der ki net ics model,
can be suc cess fully ad justed with the Gauss-Lo rentz
func tion. At the same time, it is pos si ble to de rive a cal -
cu la tion method, based on the mixed or der ki net ics
model, us ing Gauss-Lo rentz func tion. This method
en ables the an a lyt i cal cal cu la tion of the TL pro cess pa -
ram e ters. The geo met ric pa ram e ters, ob tained by fit -
ting the glow curve with Gauss Lo rentz func tion, are
used for the cal cu la tion of TL pa ram e ters in this
method. Cal cu la tion method ap plies the con cept of us -
ing pa ram e ter of ki net ics or der, which de pends on the
sym me try fac tor. In pre vi ous stud ies, the pa ram e ter of
ki net ics or der for mixed-or der ki net ics was de fined
and, in this pa per, it is shown that the cor re la tion be -
tween the ki netic pa ram e ters of or der and sym me try
fac tor is lin ear. It al lows faster and more ac cu rate cal -
cu la tion of the value of ki net ics or der for some TL
glow curve. Then, the TL pro cess pa ram e ters are cal -
cu lated from the equa tions, pre vi ously de rived us ing
the cal cu lated value of ki net ics or der. This cal cu la tion
method uses the in te gral val ues deff and weff, which al -
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Fig ure 2. De pend ence shape fac tor z in terms of
sym me try fac tor ms: (1) for gen eral ki net ics model and
(2) mixed ki net ics model



low more pre cise cal cu la tion of pa ram e ter val ues, be -
cause the in te gral val ues are less sen si tive to the ran -
dom fluc tu a tions of the in ten sity of the glow curve in
some points. Also, fit ting the TL curve with the Gauss
Lo rentz func tion en ables ac cu rate cal cu la tion of the
in te gral val ues of the pa ram e ters. This is im por tant for
mea sur ing ra di a tion dose and also for the com pu ta tion
of the TL pro cess pa ram e ters [12].

Anal y sis of glow curves, ob tained from the equa -
tions as de scribed by the gen eral and the mixed ki net ics
or der model, show that the shape of the curve func tion
is not de scribed by sym me try fac tor only, but by the fac -
tor that in di cates, whether the shape of the curve is
closer to the form given by the Gaussi an func tion or to
the form that is closer to the Lo rentz func tion. There
was a sig nif i cant dif fer ence of the ob tained shape fac tor
val ues in the sym me try fac tor func tion, for gen eral and
mixed or der ki net ics model. This fact makes it pos si ble
to use the ob tained val ues of shape fac tor to as sess by
which ki net ics model the re lax ation is per form ing.

There fore it can be con cluded, that the
Gauss-Lo rentz func tion can be used to an a lyze the
glow curves by fit ting the ex per i men tal glow curve
with it, to ob tain an ac cu rate curve and to de ter mine its
geo met ric pa ram e ters and then, for ac cu rate de ter mi -
na tion of the val ues of ki net ics or der and in te gral pa -
ram e ters, it is nec es sary to cal cu late the ki netic pa ram -
e ters of TL and as the cri te rion for as sess ing model by
which the TL re lax ation oc curs [13].
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Zdravko M. VEJNOVI], Milo{ B. PAVLOVI],
Marina KUTIN, Milorad P. DAVIDOVI]

ANALIZA  KRIVE  ISIJAVAWA  POMO]U  GAUS-LORENCOVE  FUNKCIJE

Prikazan je nov metod pomo}u koga se krive isijavawa, koje se opisuju modelom kinetike
me{ovitog reda, pode{avaju sa Gaus-Lorencovom funkcijom. Teorijski izrazi modela kinetike
me{ovitog reda su prikazani na potpuno nov na~in tako da se vrednosti parametara kinetike mogu
dobiti preko geometrijskih parametara. Ovakav na~in prikaza omogu}ava da se precizno
izra~unaju kineti~ki parametri modela kinetike kao {to su aktivaciona energija,
preeksponencijalni faktor i faktor a = n0/(h + n0). Istovremeno se mo`e, na osnovu dobijenih
vrednosti geometrijskih parametara eksperimentalne krive, koja je opisana Gaus-Lorencovom
funkcijom, proceniti model kinetike po kome se obavqa termoluminescentna relaksacija. To
omogu}ava i novu primenu Gaus-Lorencove funkcije koja se mo`e koristiti i kao kriterijum za
procenu tipa kinetike po kojoj se odvija relaksacija, kada to nije unapred poznato. Ispitivana je
ta~nost pode{avawa za karakteristi~ne slu~ajeve ra~unarski simuliranih TL krivih sa jednim
maksimumom.

Kqu~ne re~i:  termoluminescencija, kinetika me{ovitog reda, kinetika op{teg reda,
..........................Gaus-Lorencova funkcija


