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Ap ply ing the mean value the o rem for def i nite integrals in the non-lin ear in te gral equa -
tion for Chandrasekhar’s H func tion de scrib ing con ser va tive iso tro pic scat ter ing, we
have de rived a new, sim ple an a lytic ap prox i ma tion for it, with a max i mal rel a tive er ror
be low 2.5%. With this new func tion as a start ing-point, af ter a sin gle it er a tion in the
cor re spond ing in te gral equa tion, we have ob tained a new, highly ac cu rate an a lytic ap -
prox i ma tion for the H func tion. As its max i mal rel a tive er ror is be low 0.07%, it sig nif -
i cantly sur passes the ac cu racy of other an a lytic ap prox i ma tions.
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IN TRO DUC TION

H func tions were first in tro duced by Ambart-
sumian [1] and later de vel oped ex ten sively by
Chandrasekhar whose re sults were col lected and pre -
sented in de tail in his clas si cal mono graph [2]. These
func tions play a ma jor role in the the ory of ra di a tive
trans fer in plan e tary and stel lar at mo spheres. Also,
they have a key role in a num ber of prob lems in sin gle
speed, one-di men sional neu tron trans port the ory with
iso tro pic scat ter ing as de scribed in the mono graph by
Case and Zweifel [3]. Rel a tively re cently, we have ap -
plied them to an en tirely dif fer ent field, in a de tailed
de scrip tion of X-ray trans fer rel e vant to med i cal di ag -
nos tics [4-5]. In all the men tioned ap pli ca tions, their
ac cu rate nu mer i cal val ues are needed.

First tab u la tions of H func tions were made by
Chandrasekhar and Breen [6] and later sup ple mented
by sim i lar cal cu la tions by Har ris [7]. Valu able,
though, these tab u la tions have been, there was still a

need for more de tailed nu mer i cal data about H func -
tions, es pe cially for pa ram e ters close to unity, ab sent
from these cal cu la tions. In the pa per by Hiroi [8], the
val ues of the H func tion for a much larger num ber of
sin gle par ti cle albedo pa ram e ters and with a much
higher accuracy were provided.

How ever, the var i ous ap pli ca tions of these func -
tions re quire val ues for any value of the sin gle scat ter
albedo.  Such re quire ments can be met by re li able and
ac cu rate an a lytic ap prox i ma tions for quick cal cu la -
tions. Use ful ap prox i ma tions of the H func tion based
on the Gauss-Legendre quad ra ture can be found in
Chandrasekhar’s book. More re cent re sults for the ap -
prox i mate H func tion came out as a by-prod uct from a
variational treat ment of the half-space prob lem by
Pomraning [9]. Simovi} and Vukani} [10] have de -
rived three ap prox i mate an a lytic ex pres sions for the H
func tion by us ing the or di nary and flux de com po si tion 
DPN method. The ac cu racy of the ob tained ap prox i -
ma tions of the H func tion is ex am ined in some de tail
and com pared with anal o gous ap prox i mate re sults  of 
Chandrasekhar, de ter mined  from ta ble IX of ref. [2],
as well as with Pomraning’s ap prox i ma tions.  Simovi}
and Vukani} have found that their for mu las are more
ac cu rate than Chandrasekhar’s re sults for the same or -
der of ap prox i ma tion. Their for mu las are of sim i lar ac -
cu racy as Pomraning’s ex pres sions, but sim pler and
more trac ta ble. By us ing the approximative H func tion 
ob tained from the flux de com po si tion DPO techique,
the same au thors treated an a lyt i cally low-en ergy light
ion re flec tion from sol ids [10-11]. This ap proach ap -
pears con ve nient for solv ing this en ergy-de pend ent

38 Nu clear Tech nol ogy & Ra di a tion Pro tec tion –2/2007

Sci en tific pa per
UDC: 539.125/.126
BIBLID: 1451-3994, 22 (2007), 2, pp. 38-43
DOI: 10.2298/NTRP0702038V

Au thors' ad dresses:
1 Vin~a In sti tute of Nu clear Sci ences

P. O. Box 522, 11001 Bel grade, Ser bia
2 In sti tute of Phys ics

P. O. Box 57, 11001 Bel grade, Ser bia

E-mail ad dress of cor re spond ing au thor:
vukanic@vin.bg.ac.yu (J. Vukani})



albedo prob lem. Simovi} and Markovi} [12] have pre -
sented a novel approximative an a lytic so lu tion for the
H func tion  ob tained by the de com po si tion of the an -
gu lar flux den sity of par ti cles com bined with the sec -
ond mod i fied DPN method.

Two ap prox i ma tions of Chandrasekhar’s H func -
tion for iso tro pic scat ter ing, one of which is very sim ple
in form, the other ex tremely ac cu rate, are pre sented in
this work. Be fore de scrib ing them in de tail in the next
sec tion, we shall first re-de rive Chandrasekhar’s in te -
gral equa tion in a sim ple and trans par ent way. In our
opin ion, this der i va tion is of some in ter est per se, al -
though such der i va tions, in var i ous forms, al ready ex ist
in lit er a ture [2, 13, 14]. It is far from easy to fol low the
der i va tion of this for mula, es pe cially in pi o neer ing
works such as those by Kouganoff [14] or
Chandrasekhar [2] and dif fi cult to see clearly the or i gin
of cor re spond ing terms. 

GEN ERAL CON SID ER ATIONS

The H func tion de scribes the in ten sity of ra di a -
tion scat tered by a semi-in fi nite me dium of in de pend -
ent scat ter ers. More pre cisely, when iso tro pic scat ter -
ing is con cerned, the an gu lar dis tri bu tion of par ti cles
back scat tered from half space is given by an ex act so -
lu tion [2]
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w m
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Here,  m0 and m are the di rec tional co sines of the
in ci dent and re flected par ti cles with re spect to the tar -
get sur face nor mal and R( , )m m m0 d    gives the prob a bil -
ity for a pro jec tile to be re flected with di rec tional co -
sines be tween  m and m + dm, ir re spec tive of the
az i muthal an gle. The scat ter ing me dium is char ac ter -
ized solely through the pa ram e ter w which rep re sents
the sin gle scat ter albedo. This pa ram e ter is given by

w
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where sR and sa are the to tal cross-sec tions for scat ter -
ing and ab sorp tion,  re spec tively. Fur ther more, H ( , )m w
is the H func tion, which de pends on the vari able m and
pa ram e ter w [2].

Ap ply ing the first prin ci ple, we shall now de rive
the in te gral equa tion which de scribes the re flec tion of
par ti cles from half space as sum ing iso tro pic scat ter ing
and no en ergy loss. First, we ex tract a dif fer en tially thin
layer Dz just be low the tar get sur face. The layer is so
thin that a pro jec tile may un dergo at most one col li sion
within it. Then we have the fol low ing five events,
shown in fig. 1, which con trib ute to the an gu lar dis tri -
bu tion of re flected par ti cles R (m0, m), whose prob a bil i -
ties are lin ear func tions in Dz. All other cases are O (Dz2)

Let us char ac ter ize phys i cally these five cases
(a) – (e).

(a) A pro jec tile passes the thin layer with out
scat ter ing, is then re flected from the re main ing half
space and ar rives back to the tar get sur face, again
with out scat ter ing in the thin layer.

(b) A back scat ter ing event hap pens solely in the
thin layer.

(c) The pro jec tile is scat tered in ward in the thin
layer and then re flected from the half space, with no
scat ter ing when leav ing the thin layer.

(d) En ter ing, a pro jec tile passes Dz with out scat -
ter ing, is then re flected from the half space and, fi nally, 
un der goes scat ter ing in the thin layer, just be fore leav -
ing the tar get sur face.

(e) En ter ing, a pro jec tile passes  Dz with out scat -
ter ing, is then re flected from the half space and un der -
goes scat ter ing in the thin layer, but this time in ward, is 
again re flected and leaves the tar get with out fur ther
scat ter ing.

Writ ing the prob a bil i ties for el e men tary events
from which these cases are com posed and mul ti ply ing
them, in the same or der in which these el e men tary
events oc cur, as de picted in fig. 1, we ob tain the prob a -
bil i ties for our five cases, as follows:
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Fig ure 1. Pos si ble events in the thin layer dur ing the re -
flec tion of the pro jec tile whose prob a bil i ties are linear
func tions of Dz. Crosses de note the scat ter ing in the layer
it self, while the bro ken line rep re sents back scat ter ing in
the in fi nite me dium
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Fac tor 4p in de nom i na tor stems from the as -
sump tion that the scat ter ing is iso tro pic, while fac tor
2p is the re sult of in te gra tion over the az i muthal an gle.
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The an gu lar dis tri bu tion of re flected pro jec tiles 
may be ex pressed, up to the terms lin ear in Dz, as the
sum of these five prob a bil i ties. In such an ex pres sion, 
the term R (m0, m) ap pears on both sides of the equal -
ity and may be cancelled. By can cel ing the com mon
lin ear fac tor Dzn fur ther, in re spect to all re main ing
terms, and by ne glect ing the higher or der terms, af ter
sim ple re ar range ments and factorization of the cor re -
spond ing sum, we can form the fol low ing in te gral
equa tion for R (m0, m)
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Writ ing R (m0, m) in the form given in eq. (1), one
ob tains the fol low ing in te gral equa tion for H(m,  w)
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which is the start ing point for all stud ies of the H func -
tion.

NEW AN A LYTIC AP PROX I MA TIONS OF
THE H FUNC TION

The in te gral eq. (4) which sat is fies the H func -
tion can be writ ten in the form of
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Ap ply ing the mean value the o rem for def i nite
integrals to this equa tion, in stead of the func tion 1/(m + 
+jm') un der the in te gral, we can write 1/ [ ( , ) ]x w m m+   in
front of it, so that we have
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The new in te gral in this equa tion rep re sents the
zero or der mo ment  h0 of   Chandrasekhar’s H func tion
for which Chandrasekhar [2] found the ex act value to be

h H0
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Now, in sert ing this ex pres sion in eq. (6), we can
rep re sent H(m, w)  in the form of
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The sim plic ity of eq. (8) is some what de ceiv ing,
be cause the mean value the o rem for the integrals is not
con struc tive; it only guar an ties the ex is tence of x w m( , ),
but does not pro vide the means to eval u ate it.

How ever, this rep re sen ta tion has some straight for -
ward ad van tages. For ex am ple, if one takes the sim plest
ap prox i ma tion for x, namely x = 1/2, which means fix ing
m' in the de nom i na tor of the integrand in eq. (5) to the
mid dle value of the in ter val of in te gra tion over m', one
ob tains
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m
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1 2
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This ex pres sion is a well known ap prox i ma tion of
Hapke [15] which gives a good ap prox i ma tion for mul ti -
ple scat ter ing phe nom ena, with the ex cep tion of the case
when w is close to unity.

The un known func tion x w m( , ) can be found only
ap prox i mately. An other ad van tage of our ap proach is
that one can find an an a lytic ap prox i ma tion for x with out
the it er a tion pro ce dure. Tak ing into ac count the be hav ior
of the H func tion as a func tion of w, we have, by trial and
er ror,  found that a highly suit able ap prox i ma tion is of the 
form

x w m w m
w

m( , ) ( )= + =
+ -

+a b
a

a
b0

11 1
(10)

where the un known con stants a0, a1, and b will be de -
ter mined by match ing the zero or der mo ment of the H
func tion as ac cu rately as pos si ble. In sert ing this ex -
pres sion in eq. (8), we ob tain the ap prox i mate ex pres -
sion for the H func tion in the form of

H
a b
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With this func tion, the ex pres sion for the zero
or der mo ment is given by
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Mak ing a dense, three-di men sional grid for pa -
ram e ters a0, b, and a1 we have found that their best val -
ues are a = 0.431, b = 0.105, and a1 = 0.316. In this
case, the val ues of the zero or der mo ment ob tained
from eq. (12) have the ac cu racy of 0.1% for the whole
range of w. With this ap prox i ma tion, the rel a tive er ror
of the H func tion is within 2.5%. In this man ner, we
have man aged to ob tain an an a lyt i cal ap prox i ma tion
of the H func tion, very sim ple in form and with a fairly
high ac cu racy.

At the cost of the sim plic ity of the struc ture, the
ac cu racy of the ap prox i ma tion can be enor mously im -
proved if we in sert so lu tion (12) into the in te gral eq.
(6) and make a first or der an a lytic it er a tion. This pro -
ce dure gives the im proved approximate for mula
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The es ti ma tion of its ac cu racy is given in the
next sec tion. 

DIS CUS SION

We have com pared our newly ob tained re sults
with the best known pre vi ously pub lished re sults.
Hapke [15] ap prox i mated the H func tion as an an a lyt i -
cal form
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A while later, Hapke [16] pro posed an even
better ap prox i ma tion
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The er rors of our ap prox i mate func tions were
found to be, in com par i son to Hiroi’s [8] nu mer i cal re -

sults which have an ac cu racy of at least five dec i mal
points, even more ac cu rate than Chandrasekhar’s and
our own, highly ac cu rate (up to ten dec i mal points) nu -
mer i cal re sults, not pub lished yet. The com par i son of
the ac cu racy of our an a lyt i cal ap prox i ma tions with the
ac cu racy of the an a lyt i cal ap prox i ma tions quoted by
Hiroi, shows that our re spec tive ap prox i ma tions are
more ac cu rate than all oth ers. Fig ure 2 shows the rel a -
tive er ror dH

d
m w m w

m w
H

H H

H
=

-( , ) ( , )app

( , )

1

(16)

where for H (m, w), nu mer i cal val ues from the ta bles
are used, while H app

1 ( , )m w  is cal cu lated from our ap -
prox i mate for mula (11). The rel a tive er ror is given as a
func tion of sin gle scat ter albedo w, for the three cho -
sen m val ues m  = 0.5, 0.75, and 1. The rel a tive er ror is
within 2.5% for all m val ues, as shown in fig. 2. In this
way, we have ob tained the an a lyt i cal ap prox i ma tion of 
a very sim ple form which has a fairly high ac cu racy.
Fig ure 3 shows the rel a tive er ror of our im proved ap -
prox i mate for mula (13) as a func tion of the sin gle scat -
ter albedo w, for the three val ues of the di rec tional co -
sine  m  = 0.5, 0.75, and 1. The rel a tive er ror is within
0.07% and de creases as m in creases. Fig ures 4 and 5
show the rel a tive er ror of Hapke’s ap prox i ma tions
(14) and (15). The first ap prox i ma tion is within a 4.1% 
mar gin. Hapke’s im proved ap prox i ma tion gives re -
sults within a rel a tive er ror of 0.8%.

CONCLUSION

It is ev i dent that our first ap prox i ma tion is more
ac cu rate than the first ap prox i ma tion of Hapke. Our
im proved ap prox i ma tion also shows better agree ment
with the ex act H func tion than that of Hapke’s im -
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Fig ure 2. The rel a tive er ror dH of the H func tion, cal cu -
lated from our first ap prox i mate for mula (11), shown as
a func tion of the pa ram e ter w for the three char ac ter is tic
val ues of the vari able m



proved for mula. Note that we have cho sen pa ram e ters
a0, b, and a1 so as to min i mize the supremum of rel a -
tive er rors and not their mean value. How ever, in spite
of the achieved high ac cu racy, it seems that, for close
to unity, fur ther im prove ment of an a lyt i cal ap prox i -
ma tion is called for.
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Fig ure 3. The rel a tive er ror dH of the H func tion, cal cu -
lated from our impoved aproximative for mula (13),
shown as a func tion of the pa ram e ter w for the three
char ac ter is tic val ues of the vari able m

Fig ure 4. The rel a tive er ror dH of the H func tion, cal cu -
lated from Hapke's first approximative for mula (14),
shown as a func tion of the pa ram e ter w for the three
char ac ter is tic val ues of the vari able  m

Fig ure 5. The rel a tive er ror dH of the H func tion, cal cu -
lated from Hapke's impoved approximative for mula
(15), shown as a func tion of the pa ram e ter w for the three
char ac ter is tic val ues of the vari able m
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JEDAN  NOV  NA^IN  ZA  DOBIJAWE  ANALITI^KIH
APROKSIMACIJA  ^ANDRASEKAROVE  Xa-FUNKCIJE

Primewuju}i u nelinearnoj integralnoj jedna~ini za ̂ andrasekarovu Ha-funkciju, koja
opisuje konzervativno izotropno rasejawe, teoremu o sredwoj vrednosti odre|enih integrala,
izveli smo novu jednostavnu analiti~ku aproksimaciju za Ha-funkciju, ~ija je maksimalna
relativna gre{ka ispod 2.5%. Polaze}i od ove nove funkcije kao po~etne aproksimacije u
odgovaraju}oj integralnoj jedna~ini, posle samo jedne iteracije, koja mo`e da se izvr{i
analiti~ki, dobili smo novu vrlo ta~nu analiti~ku aproksimaciju za Ha-funkciju. Maksimalna
relativna gre{ka na{e druge aproksimacije je ispod 0.07%, tako da ova aproksimacija daleko
prevazilazi ta~nost drugih analiti~kih aproksimacija poznatih u literaturi.

Kqu~ne re~i: Ha-funkcija, analiti~ka aproksimacija, izotropno rasejawe, monoenergetski
jjjjjjjjjjjjjjjjjjjjjjjjtrans port


