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This pa per shows some an a lytic ap prox i ma tions of the H-func tion de rived ear lier and
ob tained by de com po si tion of the an gu lar flux den sity of par ti cles com bined with the 
zero or der DPN method. A novel so lu tion based on the mod i fied DPN method has
been pre sented too. The com par i son with well-known Chandrasekhar’s re sults ob -
tained by nu mer i cal pro ce dure and with Pomraning’s an a lytic ap prox i ma tions has
been per formed.
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IN TRO DUC TION

Since the early days of study ing of the trans -
port equa tion, the fun da men tal H-func tion has
been in tro duced as a part of so lu tion to the prob lem
of par ti cle re flec tion from the ho mog e nous tar get.
The val ues of the func tion have been nu mer i cally
de ter mined with great pre ci sion and ta bled in de tail
[1], and for a long time its thor ough math e mat i cal
study ing and ap pli ca tion has been one of the cen tral
ques tions of the trans port the ory, es pe cially of the
par ti cle albedo  prob lem.

Be side nu mer i cal de ter mi na tion of the
H-func tion by di rect it er a tion of the char ac ter is tic
non-lin ear equa tion, an a lytic it er a tive so lu tions of
the same equa tion have been at tempted as well. One 
of the first strivings started from the re sults ob -
tained by Case’s sin gu lar eigenfunctions method,
and con ve niently cho sen test func tion [2]. Even
though the H-func tion was de ter mined in the sec -
ond it er a tion with pre ci sion to the fourth im por tant 
digit, the pro ce dure showed as very clumsy and her -
metic be cause the fi nal re sult in cluded com plex ex -
pres sions con tain ing new fun da men tal func tions

(for ex am ple, the X-func tion, well known in Case’s
the ory). The prob lem of the par ti cle trans port in
half-space and the re lated task of de ter min ing the
H-func tion have been solved lately by mul ti ple col -
li sion method [3]; how ever, this pro ce dure has been
judged as com pli cated and im prac ti cal [4].

Not long ago, it has been noted that the pro ce -
dures of the an a lytic ap prox i ma tion of the H-func -
tion based on a ver i fied ap prox i ma tion method
were not used enough. Namely, as al ready said, the
ad van tage was given to nu mer i cal in te gra tion of the 
char ac ter is tic non-lin ear in te gral equa tion of this
func tion and its very pre cise cal cu la tion. How ever,
the great est po ten tial ad van tage of an a lytic ap prox i -
ma tions has been the pos si bil ity to solve the more
com plex en ergy albedo prob lem as well in a con sis -
tent an a lytic man ner, which can be pre sented by the
H-func tion. There fore, a few an a lytic ap prox i ma -
tions of the H-func tion have been re cently pro -
posed [5, 6] based on the stan dard and mod i fied
DPN method [7, 8]. An other form of the an a lytic
ap prox i ma tion of the H-func tion has been pre -
sented in this pa per, which is es pe cially ef fi cient
with the lower val ues of the par ti cle mul ti pli ca tion
pa ram e ter c, and is based on the spe cific de com po si -
tion of the an gu lar flux den sity and on the zero or -
der DPN method.

ANALITIC AP PROX I MA TIONS
OF THE H-FUNC TION

In the case of monoenergetic par ti cle trans -
port in plane ge om e try, the clas si cal trans port the -
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ory has given an ex act so lu tion for the an gu lar flux
den sity of the re flected par ti cles f m m( , , )0
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where the H-func tion H( , )c m  is de fined as a so lu tion 
of the non lin ear in te gral equa tion
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In eqs. (1-3) m  stands for the co sine of the an gle
be tween the vec tor of par ti cle ve loc ity and the nor mal on 
bound ary sur face at  x = 0 ori ented in side of the me -
dium; m

0
 is the co sine of the an gle of in ci dence of the

plane source of ini tial par ti cles which cross the bound ary
sur face, S( , , ) ( ) / ,0 0

0 0 0 0
m m d m m m m= - > , while c

pres ents the par ti cle mul ti pli ca tion pa ram e ter. It is also
as sumed that the par ti cle scat ter ing func tion has an iso -
tro pic form.

If one com pares the ex act so lu tion for the
half-space re flec tion co ef fi cient g m( , )c

0
, given by eq. (2),

with the ap prox i mate for mu lae  for g m( , )c
0

  de rived pre -
vi ously through the or di nary and mod i fied DPN pro ce -
dures [9], then the ap prox i mate an a lytic ex pres sions for
the H-func tion can be ob tained al most di rectly.

The or di nary DPN method

Start ing with the flux de com po si tion
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where f ( )0  and f sde note the an gu lar den sity fluxes of 
unscattered and scat tered par ti cles at the dis tance x
in side the me dium, re spec tively, and ap ply ing the
or di nary DP0 ap prox i ma tion [7], one gets
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The first mod i fied DPN pro ce dure

Based on the flux split ting
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with f ( )1  rep re sent ing the an gu lar flux den sity of the
sin gle scat tered par ti cles, u( )m  – Kronecker’s unit
step-func tion and 

~
f – the an gu lar flux den sity of the

rest of par ti cles, and the or di nary DP0 ap prox i ma -
tion, it is de rived [6, 8]
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The sec ond mod i fied DPN pro ce dure –
new ap prox i ma tion of the H-func tion

Ap ply ing the an gu lar flux de com po si tion
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in which  f a  rep re sents the par ti cles scat tered af ter
each col li sion strictly into di rec tions ori ented to -
ward the bound ary plane x = 0 [10],
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and the mod i fied DP0 pro ce dure, the re flec tion co -
ef fi cient g m

M
c

2 0
( , ) is ob tained
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The com par i son of the ex act ex pres sion (2)
with the ap prox i mate re sult (12) brings to the third
ap prox i ma tion for the H-func tion:
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In eqs. (11-13) the new func tion ~( , )c mc  is in -
tro duced, de fined by [10]
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In the pre vi ous ex pres sions, the or i gin of ap -
prox i ma tions of the half-space re flec tion co ef fi cient
g and the H-func tion is em pha sized by the sub -
scripts DP0, M1, and M2.

COM PAR I SON WITH REFERENT
CHANDRASEKHAR’S RE SULTS AND
POMRANING’S AP PROX I MA TIONS

For mu lae ob tained by mod i fi ca tion of DP0
method show re mark able ac cu racy, es pe cially for
small val ues of the parameter c. Ta ble 1 gives the
com par i son of val ues of the ap prox i ma tion 
H c

M 2
( , )m  with Chandrasekhar’s cal cu la tions

(marked with H
CH

), ex act to the sixth dec i mal
digit. For c = 0.1, the max i mal re sult de vi a tion is
to three units of the sixth digit, for c = 0.3, the dif -
fer ence is to three units of the fifth digit, and for c
= 0.6, the dif fer ence is to the two units of the
fourth digit.

How ever, we com pare the ac cu racy of the an a -
lytic for mu lae (6), (9), and (13) and the two
Pomraning’s ap prox i ma tions of the H-func tion de -
rived re cently [11]:
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Equa tions (15) and (16) are ob tained in the
course of the study ing of the as ymp totic flux be hav -
ior in half-space us ing the variational method and
the sin gu lar eigenfunctions method. The con stants
J,  g+, and g– are de fined by
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while the eigenvalue v is the pos i tive root of
the char ac ter is tic eq. [12]
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It is ob vi ous form eq. (17) that the pa ram e ter
J is re lated to the ex trap o lated end point z0 of the
Milne prob lem, which ac cu rate val ues are pre vi -
ously nu mer i cally de ter mined [13].

Fig ure 1(a)–(c) com pares the rel a tive er ror eH of
the for mu lae H

DP0
, H

M 1
and H

M 2
cal cu lated by eqs. (6), 

(9) and (13) with the rel a tive er ror of the Pomraning’s
ex pres sions H

P1
and  H

P2
cal cu lated by eqs. (15) to (19) 

for three val ues of the pa ram e ter c (c = 0.3, c = 0.6,
and c = 0.9). For each value of the pa ram e ter c the
worst an a lytic ap prox i ma tion HDP0 (6) is pre sented as
well as the one of two ap prox i ma tions ob tained by the
mod i fied DP0 method – ex pres sions (9) or (13),
which is more ac cu rate for the se lected value of the pa -
ram e ter c.

The two Pomraning’s for mu lae H
P1

and H
P2

do
not ap proach the ex act value of the H-func tion for m =0, 
but  they are very ac cu rate for m ® 10. . How ever, for
any value of the pa ram e ter c £ 09.  it is pos si ble to find at
least one of the two ap prox i ma tions (9) or (13) which is
more or equally ac cu rate as the best Pomraning’s ap -
prox i ma tion. More over, the ap prox i ma tions H

P1
and 

H
P2

have some other weak nesses which were com mon
for the pre vi ous an a lyt i cal ap prox i ma tions of the
H-func tion [2, 3]. Namely, these ex pres sions are rather
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Ta ble 1. Val ues of the H
M2

( , )c m  approximation and
Chandrasekhar's H-function for  m Î [0.1] and three
values of the parameter c

 m

H(c, m)

c = 0.1 c = 0.3 c = 0.6

H M 2
HCH H M 2

HCH H M 2
HCH

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.00000
1.01236
1.01863
1.02300
1.02631
1.02894
1.03108
1.03287
1.03439
1.03570
1.03684

1.00000
1.01238
1.01864
1.02300
1.02630
1.02892
1.03106
1.03284
1.03436
1.03567
1.03682

1.00000
1.03968
1.06103
1.07635
1.08819
1.09771
1.10558
1.11222
1.11791
1.12285
1.12717

1.00000
1.03989
1.06115
1.07637
1.08811
1.09756
1.10538
1.11198
1.11763
1.12254
1.12685

1.00000
1.09043
1.14462
1.18588
1.21916
1.24685
1.27036
1.29064
1.30835
1.32396
1.33784

1.00000
1.09137
1.14517
1.18587
1.21861
1.24581
1.26893
1.28888
1.30631
1.32171
1.33541



com pli cated and very un us able for the con sis tent an a lyt i -
cal pro ce dures. They also in clude the new pa ram e ters
spe cific for the dif fer ent ex ter nal trans port meth ods on

which the pro posed so lu tion de pend (for  ex am ple, the
eigenvalue n of the sin gu lar eigenfunctions method and
the ex trap o lated end point  z0  of the variational method).

Fur ther im prove ment in the pre ci sion of the an a -
lytic ap prox i ma tions of the H-func tion, if at all pos si ble in
form of a sim ple ex pres sion, should be looked for in the
ranges of the val ues c » 1 and m » 1.

CON CLU SIONS

An a lytic for mu lae (6), (9) and (13) are ex act
for  m = 0 and c = 0, which is not of ten the char ac ter -
is tic of other an a lytic ap prox i ma tions. They are of a
sim ple shape and do not in clude pa ram e ters taken
from an other trans port meth ods. Two ap prox i ma -
tions, H c

M 1
( , )m and H c

M 2
( , ),m made by mod i fi ca -

tion of DP0 pro ce dure, are of high pre ci sion. This
ap plies es pe cially to the for mula H c

M 2
( , )m  (13)

when c £ 0.6, which is by ac cu racy close to the nu -
mer i cal ap prox i ma tions. Be ing very sim ple, for mu -
lae are eas ily ap pli ca ble to the cal cu la tion of the en -
ergy de pend ent trans port prob lem in which the
Chandrasekhar’s H-func tion ap pears as a com po -
nent of the fi nal so lu tion.
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Rodoqub SIMOVI], Srpko MARKOVI]

JEDAN ZAPIS O ANALITI^KIM APROKSIMACIJAMA N-FUNKCIJE

U radu su prikazane neke ranije izvedene analiti~ke aproksimacije H-funkcije dobijene 
postupkom razdvajawa ugaone gustine fluksa ~estica i primenom DPN metode nultog reda, i
predstavqeno je jedno novo re{ewe zasnovano na modifikovanoj DPN metodi. Izvr{eno je
pore|ewe sa poznatim ^andrasekarovim rezultatima dobijenim numeri~kim postupkom, kao i sa
Pomraningovim analiti~kim aproksimacijama.


