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AN INVESTIGATION OF LOW-ENERGY PHOTON
REFLECTION FROM THE IRON TARGET
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For the photon transport kernel in form of the Thomson scattering function and a re-
strictive photon diffusion directed only toward free surface, several exact expressions
of backscattered fluxes are demonstrated. The solving approach was established on a
lemma proved by Placzek combined with the Fourier analytic inversion technique or
the order of scattering method. Albedo problem in case of the homogeneous plane
shield of iron subjected to the photons normally incident on the free surface is treated.
Comparison of the results obtained by the analytical and Monte Carlo methods for the
reflection of 40 and 60 keV photons from iron target confirms the domination of the
single scattered photon flux and the strong influence of the scattering function aniso-
tropy in reflection process at low energies.
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INTRODUCTION

It has been known that spreading of gamma ra-
diation through ducts and voids within the radiation
shield of nuclear facilities can be eftectively examined
by using the traditional albedo concept [1, 2]. This ap-
proach allows that radiation break-through can be de-
scribed by multiple reflection from the radiation
shield walls, demanding detailed knowledge of angu-
lar and energy distribution of the reflected particles.
The same concept can be practically applied to calcu-
late scattered radiation in the vicinity of a patient being
exposed to X-ray diagnostic technique [3-5]. While in
radiation protection of nuclear facilities we encounter
high-energy radiation, in contrastive diagnostic tech-
niques initial beams are below 100 keV. Low-energy
range of gamma radiation enables one to approach the
solving of the albedo problem not only by
non-deterministic Monte Carlo methods, but also by
analytic procedures with equal success.
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In this paper some results obtained by applying
the consistent analytical method for examining the ra-
diation reflection, based on the previously developed
technique are shown and analyzed [6-8]. When the
energies of the initial radiation are close to the lower
level of energy range for the X-ray medical diagnosis,
such as few tens keV, photon scattering on a free elec-
tron can be presented by a Thomson cross section. By
accepting this model of scattering, the basic transport
problem is simplified, becoming the task equivalent to
the energy independent transport. Further solving is
based on the use of Placzek lemma, turning the prob-
lem of the radiation reflection from a flat wall into the
equivalent transport problem in the infinite medium
[9, 10], then on the application of Fourier transtorm
on the transport equation, and on the analytical Fou-
rier inversion of the specific solution.

As aresult of the applied analytical procedure,
angular density of the flux of reflected particles that
diffuse through the shielding material constantly
scattered in the boundary surface direction was cal-
culated, and the obtained values were compared to
the flux of the reflected particles once and twice scat-
tered in the shield. Influence of anisotropy of pho-
ton scattering on reflection of low energy radiation
was also analyzed and the effects of isotropisation of
the scattering function were discussed. Results of
the analytical calculations were compared to Monte
Carlo simulation performed by MCNP-4C pro-
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gram [11]. Reflection of photons of the initial ener-
gies of 40 and 60 keV directed to the flat iron target
at the angle of 90° was examined.

TRANSPORT EQUATION FOR
LOW-ENERGY PHOTONS

The complex form of photon transport in
which scattering and energy transfer simulta-
neously occur is usually described by the linear
integrodifterential equation over the photon angu-

lar flux density ¢(r,E,€Q) [1]
QAN(r, E, Q)+ u(r, EYo(r, E, Q)=
=[dE'[dQp, (r,E' > E, Q' > Q)§(r, E', Q')+

+8(r, E, Q) (1)

Here, u(r,E) represents the photon total in-
teraction coefficient, u, (nhE' — E,Q" — Q) is the
photon scattering kernel and S(r, E, ) is the pho-
ton source density.

For the low-energy photons in a homoge-
neous material characterized with an electron den-
sity IV, the scattering kernel y; can be written as

u, (rnE' > EQ — Q)=

2
=N, %[1 +(Q-D*S(E-E)  (2)

In eq. (2), as a low-energy limit of the
Compton scattering, the Thomson cross section is
used in which r, stands for the classical electron ra-
dius.

If we expand the angular fraction of the scat-
tering kernel 4, in Legendre polynomials over the
variable 2"+ Q, eq. (1) becomes

QA (r, E, Q)+ u(E) ¢ (r, E, ) =

p [ dQ'P(Q-Q)f(r, E, Q')+

+S(r, E, Q) (3)

where the moments 4, are defined by

1
py =27 [ d(Q"- Q)P (2 - Q)1+(2'-2)°] (4)
-1

The first three values of y; are: ;o =167/ 3,
U =0 and pg, =8r /15, while the higher mo-
ments identically equal zero.

If we focus our investigation to a half-space of
homogeneous material placed in the regionx > 0 and
exposed to a monodirectional and monoenergetic
circularly symmetric current of photons injected
from the vacuum, the photon transport equation
gets a new, simpler form

o0 B0 () g E0) =T N2
ox 3
2 21 1 b ’ ’ ’
S5 wP@) | P(@)$(x B0 )do’ (5)
= -1

with the boundary condition

4 (0, E,w)=wi5(w—m0)5(E—E0), 0y >0 (6)
0

Here, we have defined the new moments
Hg = tuj[ /tuj(] (:us() = 1’:usl = O’IusZ = 1/10) and sli
g-htly modified denotation (o = Q,,).

In deriving eq. (5) we have utilized a symmetry
property of the photon angular flux density; i. e., the
tact that in plane geometry with the proposed bound-
ary condition (6), identity ¢(r,E,Q) = ¢(x,E,m) is
valid. Moreover, in formulating eq. (5), the addition
theorem of Legendre polynomial [12] has also been
employed.

Applying the scaling transformation of the spa-
tial variable# = p(E)x the transporteq. (5) can be writ-
ten in a more familiar form

04(t, E, ») _
wi&t +¢(t, E,0)

2 1
=C(E)l 0212” 1y Pi(0) [ Pi(0")¢(t, E,0')do' (7)
= 1
where
8t N,r}
c(E) _?E (8)

The basic characteristic of eq. (7) is that it de-
scribes a pseudoenergy transport problem, i. e., in this
case the dependency of the photon angular flux density
on the variable of E is of parametric shape. Such an
equation is solved as an one-velocity transport equa-
tion with anisotropic scattering function [13]. The so-
lution characteristics depend a great deal on the c(E)
function — the equivalent multiplication parameter of
the transport problem.
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Figure 1. Equivalent multiplication parameter c¢(E)

The ¢(E) function for iron and lead within the
photon energy range of 20-80 keV is shown in fig. 1.
It is evident that in the energy range in question val-
ues of the ¢(F) parameter are very low, especially for
lead, which points to reflection where the compo-
nent of single collided photons is dominant. With
the increase of the initial radiation energy the values
of multiplication parameter increase as well, thus
turning the reflection process into a more complex
transport phenomenon connected to multiple colli-
sions of the initial photons before definite backscat-
tering.

Transport equation of the
scattered photons

As the unscattered part of photons does not
participate in backscattered radiation, it is practical
to separate this portion of the flux from the whole
beam of photons

o1, E,0)=¢°(t, E,0)+¢* (t, E,0)  (9)

and resolve an appropriate equation for the scat-
tered photons ¢° (¢, E, )

a)agbs(t, E o)

5 +¢°(t, E,0) =
1
<E)z 2l Ly P (0)] P@) §°(1, .0/ )do+
-1
—t/ay
(E)Zz’”usla(mz’z(wo)e S(E-E,)(10)

o)

with the boundary condition ¢* (0, E,0) =0 for @ > 0.

The exact solution of eq. (10) cannot be
achieved in the form of an analytic function or even
as a compound combination of the analytic func-
tions [7, 14]. Namely, if the analytically exact solu-
tion of a specific transport equation exists, it always
includes one or more exponential singular integrals.
Therefore, we would prefer to resolve a somewhat
modified transport equation corresponding to the
photons with specific diffusion histories, for which
the exact solution exists as a combination of simple
analytic functions.

ANALYTICAL DETERMINATION OF
REFLECTED PHOTONS

If we limit our goal to defining only the angu-
lar flux density of photons ¢“ (, E,®) which strictly
move into directions @ < Qafter each successive col-
lision until the last one, then we have to resolve the
adequate transport equation similar to the previous
one, except that the upper limit of the integral on
the right hand side of eq. (10) now equals zero. The
solving procedure is based on the application of the
Fourier transform method to the corresponding
transport equation over the space coordinate #, as
well as on using the Placzek lemma for converting a
half-space transport problem into an equivalent in-
finite medium problem. These techniques lead us to
the integral equation in the Fourier transform space

(1 + ika) F(k, E, ) =
-c<E>ZZ’”uszPl J F(l E, )Py ()do +
2
+e(B) 32 Po) 1 (B~ Ey) 4
1=0 ikay
+w¢%0, E, o) (11)

where F(k, E,) means the Fourier transform of
the photon angular flux density ¢“(t, E, o)

F(k, E,0)= Te-"k’w(t, E,0)dt  (12)

—co

and k is the complex variable.

The analytic expression for the backscattered
photons ¢“(0, E,) can be readily obtained from eq.
(11) by applying the same mathematical procedure
previously developed in the study of the similar prob-
lem of energy independent particle transport [7]
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¢(E)
-,

¢a(0’ E, w) ==

§21+1 g P (@) 2L 5E_E), w<0 (13)
1=0 @o

where the functions D~ and Q; are defined by

D (u)=1- C(E)

[Ago(u) +5p, Ay (u)]+

2
+5<E) LA ) An () - AR (14)

and
0y () =1+ o EYpt o[ Ao ()P (1)~ A () (15)

03 )= Py(u) + L2

[Ag, (1) = Agy(u) P, (u)] (16)

Additionally, the functions A4, (1) are

Aoo(u)Zuln(l-lrlj (17)
u

Ap(u)= —1{6142 —3u+2u 11{1 +ij_

—6u’ ln(l +1ﬂ (18)

Ay (u) = —116{36u4 —18u® —12u® +3u+

and

+241° 1n(1+ J 4uln(1+ j 36u’ ln[1+ ﬂw)
u u

Solutions by the order of
scattering method

Applying the order of scattering method [15]
to eq. (10), it is easy to derive the first order solu-
tion — the angular flux density of reflected photons
scattered only once

c(E) 1
®y)—©

¢' (0. E,0) =

.lio(zu1)uslPl(w)a(w0)5(E—Eo), ©<0 (20)

and, in the case of isotropic scattering function, the
second order solution — the angular flux density of
photons backscattered twice

cA(E) 1

{a)o ln[l +1j—
W)~ on

—a)ln[l—lﬂ S(E-E,), @<0 (21)
[0}

$*(0, E,0) =

In pr1nc1p1e the higher terms of iterative se-
ries (¢, ¢*,...) can be obtained consecutively one
by one, but in practice the mathematical expressions
become too large.

Figure 2 shows the angular dependence of the
backscattered fluxes ¢“(0, E,)and ¢*(0, E,w) for a
tew different values of the parameter ¢(E) and for a
unit intensity monodirectional current of photons
injected normally (o, = 1) into the boundary sur-
face. The selected plane geometry and the normal
angle of photon incidence correspond quit well to
the actual conditions of the medical examinations
performed by the contrast X-ray diagnostic tech-
nique [3, 4]. One can see from fig. 2 that the values
of $“(0, E, o) are always higher than the values of
¢'(0,E,). This result confirms that the flux
#“(0, E,w) describes a radiation diffusion mecha-
nism with more complex photon histories involved
than is the case with the flux ¢(0, E,®), which rep-
resents only the once backscattered photons.

17
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Figure 2. The angular dependence of backsattered
photons for different values of the parameter ¢ and the
angle of incidence deffined by w = 1
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COMPARISON OF THE ANALYTICAL
SOLUTIONS AND MONTE CARLO
SIMULATION FOR THE IRON TARGET

The first and the second order solution of the
transport eq. (10), i. e, egs. (20) and (21), are ap-
plied in order to approximate analytically the
low-energy photon reflection from the plane iron
shield. However, the photon reflection is usually de-
termined in full by Monte Carlo simulation [11, 16,
17]. Here, the MCNDP-4C code is used with the
standard photon nuclear data library MCPLIB [11].
The data for the reflected photons are collected in
10 angular and 20 energy intervals for 40 keV as
well as 60 keV perpendicularly injected photons.
Simulations have included 10° photon histories re-
sulting in statistical uncertainty of less than 1% for
cach angular-energy domain.

The analytical and Monte Carlo results for the
differential albedo, defined as the ratio of energy inte-
grated backscattered angular flux and the current of
initial photons, are shown in fig. 3. The Monte Carlo

0.2 0.4 0.6 0.8 1

lw |

values are presented by open circles, while analytical
results are shown by dotted and full lines for the first
order solution and the sum of the first and second or-
der solutions, respectively. It is evident that the single
scattering flux with the Thomson kernel as a photon
scattering function approximates correctly the
half-space reflection in the case of 40 keV initial pho-
tons. For the case of 60 keV incident photons, a
Monte Carlo result emphasizes the less symmetrical
angular behavior of the reflected photons. The ana-
lytical results obtained as a sum of the once and twice
backscattered photons difter by about 10% from the
Monte Carlo results. However, better agreement is in
the middle of the angular interval, while at both ends
of the interval the analytical approximation is less sat-
isfactory. It is the consequence of the incapability of
the Thompson function to describe accurately the
process of Compton scattering peaked in the forward
direction at higher energies.

The angular dependence of the backscattered
flux¢' (0, E, ) calculated from eq. (20) for two forms
ot Thomson scattering function and for 40 keV initial
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photons is shown in fig. 4. The anisotropic case is rep-
resented by the full line while the isotropic kernel ap-
proximation (t,; = i, = 0) is given by the dotted
line. The Monte Carlo results are given by the open
circles. It is evident that the single scattering flux with
the Thomson kernel in anisotropic form approxi-
mates correctly total half-space reflection in the
low-energy domain of initial photons. We can con-
clude that the better agreement could be achieved by
including the model of photon multiple scattering
represented by the expression (13). On the contrary to
these results, the single scattering model with the
Thomson kernel in isotropic form does not follow the
global shape of the angular reflected flux.

Figure 5 shows the angle integrated albedo coef-
ficients for the three chosen angular intervals (dotted
lines) and for the whole interval of backscattered angles
(full line). The initial photon energy is again of 40 keV
and the average energy of the total reflected photon
current is determined as E,, =3535keV. The pick
shape forms of the integrated albedo coefficients over
the chosen angular intervals are evident. Moreover, for
cach of these intervals the average energy of reflected
photon current fully corresponds to the angle-energy
transfer law. These results also approve the adequacy of
the single collision model in photon low-energy reflec-
tion.

CONCLUSION

Good agreement of results for the reflected pho-
ton fhux and the differential albedo, obtained by the ana-
lytical approach and the Monte Carlo simulation for 40
and 60 keV photons penetrating perpendicularly into
the iron target, confirms, that in the low-energy domain
photon reflection can efficiently be described by the first
and second order solution of the appropriate transport
equation. The Thomson scattering function in
anisotropic form, which suites quite well the applied an-
alytical technique, is also reliable in this energy range.
Based on the exact solutions, especialy on the expression

0.038 0.040

E [MeV]

(13) for the angular flux density of photons which
strictly move into directions @ < O after each consecu-
tive collision, the half-space buildup factor could be for-
mulated entirely in an analytic form.

REFERENCES

[1] Chilton, A. B., Shultis, J. K., Faw, R. E., Principles
of Radiation Shielding, Prentice-Hall Inc.,
Englewood Cliffs, New Jersy, USA, 1984

[2] Diop, C. M., Elhamzaoui, B., Nimal, J. C., Deter-
mination of the Double Angular and Energy Dif-
ferential Gamma-Ray Albedo for Iron Material by
Using the Monte Carlo Method, Nucl. Sci. Eng.,
117 (1994), pp. 201-226

[31 Markovi¢, S., Population Irradiation Reduction in
X-Ray Diagnostics (in Serbian), M.Sc. thesis, Fac-
ulty of Electrical Engineering, University of Bel-
grade, 1993

[4] Markovid, S., Ciraj, O., Medical Team Exposure
Assessment in  Contrast X-Ray Diagnostics,
Nuklearna tehnologija, 16 (2001), 2, pp. 55-59

[5] Markovid, S., Ljubenov, V., Ciraj, O., Simovié, R.,
Reflected Radiation Assessment in Contrast X-Ray
Diagnostics, accepted for printing in Radiation
Physics and Chemistry, 2004

[6] Simovi¢, R., Analytic Solutions of Some Specific
Transport Equations, Nuklearna tehnologija, 15
(2000), 1-2, pp. 29-37

[71  Simovi¢, R., Fourier Transform Method: Applica-
tion to Half-Space Particle Transport, Nuklearna
tehnologija, 16 (2001), 2, pp.19-25

[8]  Simovi¢, R., Markovi, S., Reflection of Low-Energy
Photons Analytically Investigated by Using the Fou-
rier Transform Method, Proceedings on CD-rom, 4™
International Conference of Yugoslav Nuclear Society
— YUNSC 2002, Belgrade, September 30 — October
4, 2002, pp. 461-466

[9] Case, K. M., de Hoffmann, E, Placzek, G., Intro-
duction to the Theory of Neutron Diftusion, Vol.
1, Los Alamos Scientific Laboratory, 1953

[10] Kavenoky, A., The CN Method of Solving the Trans-
port Equation: Application to Plane Geometry, Nucl.
Sci. Eng., 65 (1978), 2, pp. 209-225

[11] *** MCNP™ — A General Monte Carlo N-Particle
Transport Code, Version 4C. LA-13709-M, Manual,
(ed. J. E, Briesmeister) LANL, 2000



S. Markovi¢, R. Simovi¢, V. Ljubenov: An Investigation of Low-Energy Photon ... 45

[12] Abramowitz, M., Stegun, I. A., Handbook of [16] Bard, J., Roteta, M., Ferndndez-Varea, J. M.,
Mathematical Functions, National Bureau of Stan- Salvat, E, Analytical Cross Sections for Monte
dards, Applied Mathematical Series 55, 1964 Carlo Simulation of Photon Transport, Radiat.

[13] Bell, G., Glasstone, S., Nuclear Reactor Theory, Phys. Chem., 44 (1994), 5, pp. 531-552
Van Nostrand Reinhold Company, 1970 [17] Petonssi-Henss, N., Zankl, M., Drexler, G., Panzer,

[14] Duderstad, J. J., Martin, W. R., Transport Theory, W, Regulla, D., Calculation of Backscatter Factors
John Willey & Sons, New York, 1979 for Diagnostic Radiology Using Monte Carlo

[15] Fernandez, J. E., Molinari, V. G., Sumini, M., Ef- Methods, Phys. Med. Biol, 43 (1998), pp.
fect of the X-Ray Scattering Anisotropy on the Dif- 2237-2250
fusion of Photons in the Frame of the Transport
Theory, Nucl. Instr. and Meth., A280 (1989), pp.

212-221

Cpnko MAPKOBHWh, Ponossyo CUMOBHWh, Bragan JbYBEHOB

MNPOYYABABE PE®JEKCUIJE HUCKOEHEPTETCKUX ®OTOHA
O T'BO3JEHE METE

Y papy je u3Be[leHO BUILE AHATUTHUUKUX H3pa3a 3a (iIykc pedaeKTOBaHUX (OTOHA MOJ
IpeTnocTaBkama fia je (pyHKIja pacejama oToHa y BUAY ToMCOHOBOT mpeceka M fa ce (POTOHH MO
IPOAMpaky y METY PECTPUKTHUBHO NPOCTHPY HCKJBYUMBO MpeMa clnoOopHOj moBpimHE. Popmyne cy
mobmjeHe pelraBalk-eM TpPaHCIOPTHE jemHaumHe (pOoTOHA TpmMeHoM I[limadekoBe lieMe IIOBe3aHe ca
uHBep3HOM DypHjeoBOoM TpaHCOpPMAIHjOM, WIIH ca METOJIOM cyfap no cyuap. Pazmarpan je anbemo mpo6-
s1eM (pOTOHA KOjU TTOJ] IPABUM YIIIOM HPOAYPY Y XOMOT'€HU paBaHCKHU IITUT Off rBokba. [Topebeme pesynrara
no6ujeHnx aHanmuTHIKuM 1 MonTe Kapno meropgama 3a mHmimjaimHe eHepruje ¢ortona op 40 u 60 keV,
MoTBphyje Ia mMpu HUCKOSHEePTeTCKO] pedpiieKcrju JOMIHIPA TIPOIIEC jeTHOM yHa3aj| pacejaHux ()oToHa ca
jakuM yTHUIIajeM aHM30Tponuje (PyHKIHje pacejama.



