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For the pho ton trans port ker nel in form of the Thomson scat ter ing func tion and a re -
stric tive pho ton dif fu sion di rected only to ward free sur face, sev eral ex act ex pres sions
of back scat tered fluxes are dem on strated. The solv ing ap proach was es tab lished on a
lemma proved by Placzek com bined with the Fou rier an a lytic in ver sion tech nique or
the or der of scat ter ing method. Albedo prob lem in case of the ho mo ge neous plane
shield of iron sub jected to the pho tons nor mally in ci dent on the free sur face is treated.
Com par i son of the re sults ob tained by the an a lyt i cal and Monte Carlo meth ods for the 
re flec tion of 40 and 60 keV pho tons from iron tar get con firms the dom i na tion of the
sin gle scat tered pho ton flux and the strong in flu ence of the scat ter ing func tion ani so -
tropy in re flec tion pro cess at low en er gies.

Key words: low-energy pho ton re flec tion, Thomson scat ter ing, Fou rier trans form method,
Monte Carlo method, or der of scat ter ing method, iron shield

IN TRO DUC TION

It has been known that spread ing of gamma ra -
di a tion through ducts and voids within the ra di a tion
shield of nu clear fa cil i ties can be ef fec tively ex am ined
by us ing the tra di tional albedo con cept [1, 2]. This ap -
proach al lows that ra di a tion break-through can be de -
scribed by mul ti ple re flec tion from the ra di a tion
shield walls, de mand ing de tailed knowl edge of an gu -
lar and en ergy dis tri bu tion of the re flected par ti cles.
The same con cept can be prac ti cally ap plied to cal cu -
late scat tered ra di a tion in the vi cin ity of a pa tient be ing 
ex posed to X-ray di ag nos tic tech nique [3-5]. While in
ra di a tion pro tec tion of nu clear fa cil i ties we en coun ter
high-energy ra di a tion, in contrastive di ag nos tic tech -
niques ini tial beams are be low 100 keV. Low-energy
range of gamma ra di a tion en ables one to ap proach the 
solv ing of the albedo prob lem not only by
non-deterministic Monte Carlo meth ods, but also by
an a lytic pro ce dures with equal suc cess.

In this pa per some re sults ob tained by ap ply ing
the con sis tent an a lyt i cal method for ex am in ing the ra -
di a tion re flec tion, based on the pre vi ously de vel oped
tech nique are shown and an a lyzed [6-8]. When the
en er gies of the ini tial ra di a tion are close to the lower
level of en ergy range for the X-ray medical di ag no sis,
such as few tens keV, pho ton scat ter ing on a free elec -
tron can be pre sented by a Thomson cross sec tion.  By
ac cept ing this model of scat ter ing, the ba sic trans port
prob lem is sim pli fied, be com ing the task equiv a lent to 
the en ergy in de pend ent trans port. Fur ther solv ing is
based on the use of Placzek lemma, turn ing the prob -
lem of the ra di a tion re flec tion from a flat wall into the
equiv a lent trans port prob lem in the in fi nite me dium
[9, 10], then on the ap pli ca tion of Fou rier trans form
on the trans port equa tion, and on the an a lyt i cal Fou -
rier in ver sion of the spe cific so lu tion.

As a re sult of the ap plied an a lyt i cal pro ce dure,
an gu lar den sity of the flux of re flected par ti cles that
dif fuse through the shield ing ma te rial con stantly
scat tered in the bound ary sur face di rec tion was cal -
cu lated, and the ob tained val ues were com pared to
the flux of the re flected par ti cles once and twice scat -
tered in the shield. In flu ence of ani so tropy of pho -
ton scat ter ing on re flec tion of low en ergy ra di a tion
was also an a lyzed and the ef fects of isotropisation of 
the scat ter ing func tion were dis cussed. Re sults of
the an a lyt i cal cal cu la tions were com pared to Monte
Carlo sim u la tion per formed by MCNP-4C pro -
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gram [11]. Re flec tion of pho tons of the ini tial en er -
gies of 40 and 60 keV di rected to the flat iron tar get 
at the an gle of 90° was  ex am ined.

TRANS PORT EQUA TION FOR
LOW-ENERGY PHO TONS

The com plex form of pho ton trans port in
which scat ter ing and en ergy trans fer si mul ta -
neously oc cur is usu ally de scribed by the lin ear
integrodifferential equa tion over the pho ton an gu -
lar flux den sity f( , , )r E W   [1]
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Here, m( )r,E  rep re sents the pho ton to tal in -
ter ac tion co ef fi cient, ms r,E E( , )¢ ® ¢ ®W W  is the
pho ton scat ter ing ker nel and S r,E( , )W  is the pho -
ton source den sity.

For the low-energy pho tons in a ho mo ge -
neous ma te rial char ac ter ized with an elec tron den -
sity Ne, the scat ter ing ker nel  ms can be writ ten as
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In eq. (2), as a low-energy limit of the
Compton scat ter ing, the Thomson cross sec tion is
used in which  re stands for the clas si cal elec tron ra -
dius.

If we ex pand the an gu lar frac tion of the scat -
ter ing ker nel ms in Legendre poly no mi als over the
vari able ¢ ×W W, eq. (1) be comes
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where the mo ments msl
*  are de fined by
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The first three val ues of msl
*  are: ms 0 16 3* = p / , 

ms1 0* =   and ms2 8 15* = p / , while the higher mo -
ments iden ti cally equal zero.

If we fo cus our in ves ti ga tion to a half-space of
ho mo ge neous ma te rial placed in the re gion x > 0 and 
ex posed to a monodirectional and monoenergetic
cir cu larly sym met ric cur rent of pho tons in jected
from the vac uum, the pho ton trans port equa tion
gets a new, sim pler form
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with the bound ary con di tion
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Here, we have de fined the new mo ments 
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g-htly mod i fied de no ta tion ( )w = Wx .
In de riv ing eq. (5) we have uti lized a sym me try

prop erty of the pho ton an gu lar flux den sity, i. e., the
fact that in plane ge om e try with the pro posed bound -
ary con di tion (6), iden tity f f w( , , ) ( , , )r E x EW º  is
valid. More over, in formulating eq. (5), the ad di tion
the o rem of Legendre poly no mial [12] has also been
em ployed.

Ap plying the scal ing trans for ma tion of the spa -
tial vari able t E x= m( )  the trans port eq. (5) can be writ -
ten in a more fa mil iar form
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The ba sic char ac ter is tic of eq. (7) is that it de -
scribes a pseudoenergy trans port prob lem, i. e., in this
case the de pend ency of the pho ton an gu lar flux den sity 
on the vari able of  E is of para met ric shape. Such an
equa tion is solved as an one-velocity trans port equa -
tion with anisotropic scat ter ing func tion [13]. The so -
lu tion char ac ter is tics de pend a great deal on the c(E)
func tion – the equiv a lent mul ti pli ca tion pa ram e ter of
the trans port prob lem.
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The  c(E) func tion for iron and lead within the
pho ton en ergy range of 20-80 keV is shown in fig. 1.
It is ev i dent that in the en ergy range in ques tion val -
ues of the  c(E) pa ram e ter are very low, es pe cially for
lead, which points to re flec tion where the com po -
nent of sin gle col lided photons is dom i nant. With
the in crease of the ini tial ra di a tion en ergy the val ues
of mul ti pli ca tion pa ram e ter in crease as well, thus
turn ing the re flec tion pro cess into a more com plex
trans port phe nom e non con nected to mul ti ple col li -
sions of the ini tial pho tons be fore def i nite back scat -
ter ing.

Trans port equa tion of the
scat tered pho tons

As the unscattered part of pho tons does not
par tic i pate in back scat tered ra di a tion, it is prac ti cal
to sep a rate this por tion of the flux from the whole
beam of pho tons

f w f w f w( , , ) ( , , ) ( , , )t E t E t Es= +0 (9)

and re solve an ap pro pri ate equa tion for the scat -
tered pho tons f ws t,E( , )
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The ex act so lu tion of eq. (10) can not be
achieved in the form of an an a lytic func tion or even
as a com pound com bi na tion of the an a lytic func -
tions [7, 14]. Namely, if the an a lyt i cally ex act so lu -
tion of a spe cific trans port equa tion ex ists, it al ways
in cludes one or more ex po nen tial sin gu lar integrals. 
There fore, we would pre fer to re solve a some what
mod i fied trans port equa tion cor re spond ing to the
pho tons with spe cific dif fu sion his to ries, for which
the ex act so lu tion ex ists as a com bi na tion of sim ple
an a lytic func tions.

ANALYTICAL DE TER MI NA TION OF
RE FLECTED PHO TONS

If we limit our goal to de fin ing only the an gu -
lar flux den sity of pho tons f wa(t,E, ) which strictly
move into di rec tions w < 0 af ter each suc ces sive col -
li sion un til the last one, then we have to re solve the
ad e quate trans port equa tion sim i lar to the pre vi ous
one, ex cept that the up per limit of the in te gral on
the right hand side of eq. (10) now equals zero. The
solv ing pro ce dure is based on the ap pli ca tion of the
Fou rier trans form method to the cor re spond ing
trans port equa tion over the space co or di nate t, as
well as on us ing the Placzek lemma for con vert ing a
half-space trans port prob lem into an equiv a lent in -
fi nite me dium prob lem. These tech niques lead us to 
the in te gral equa tion in the Fou rier trans form space
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where F k,Ea( , )w  means the Fou rier trans form of
the pho ton an gu lar flux den sity  f wa t,E( , )
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and k is the com plex vari able.
The an a lytic ex pres sion for the back scat tered

pho tons f wa E( , , )0  can be readily ob tained from eq.
(11) by ap ply ing the same math e mat i cal pro ce dure
pre vi ously de vel oped in the study of the sim i lar prob -
lem of en ergy in de pend ent par ti cle trans port [7]
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     Fig ure 1. Equiv a lent mul ti pli ca tion pa ram e ter c(E)
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Solutions by the or der of
scat ter ing method

Ap plying the or der of scat ter ing method [15]
to eq. (10), it is easy to de rive the first or der so lu -
tion – the an gu lar flux den sity of re flected pho tons
scat tered only once
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and, in the case of iso tro pic scat ter ing func tion, the
sec ond or der so lu tion – the an gu lar flux den sity of
pho tons back scat tered twice
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In prin ci ple, the higher terms of it er a tive se -
ries ( , , )f f3 4 K  can be ob tained con sec u tively one
by one, but in prac tice the math e mat i cal ex pres sions 
be come too large.

Fig ure 2 shows the an gu lar de pend ence of the
back scat tered fluxes f wa E( , , )0  and f w1 0( , , )E  for a
few dif fer ent val ues of the pa ram e ter c(E) and for a
unit in ten sity monodirectional cur rent of pho tons
in jected nor mally ( )w0 1=  into the bound ary sur -
face. The se lected plane ge om e try and the nor mal
an gle of pho ton in ci dence cor re spond quit well to
the ac tual con di tions of the med i cal ex am i na tions
per formed by the con trast X-ray di ag nos tic tech -
nique [3, 4]. One can see from fig. 2 that the val ues
of f wa E( , , )0  are al ways higher than the val ues of 
f w1 0( , , )E . This re sult con firms that the flux 
f wa E( , , )0  de scribes a ra di a tion dif fu sion mech a -
nism with more com plex pho ton his to ries in volved
than is the case with the flux f w1 0( , , )E , which rep -
re sents only the once back scat tered pho tons.
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Fig ure 2. The an gu lar de pend ence of backsattered
pho tons for dif fer ent val ues of the pa ram e ter c and the 
an gle of in ci dence deffined by w0 = 1



COM PAR I SON OF THE AN A LYT I CAL
SO LU TIONS AND MONTE CARLO
SIM U LA TION FOR THE IRON TARGET

The first and the sec ond or der so lu tion of the
trans port eq. (10), i. e., eqs. (20) and (21), are ap -
plied in or der to ap prox i mate an a lyt i cally the
low-energy pho ton re flec tion from the plane iron
shield. How ever, the pho ton re flec tion is usu ally de -
ter mined in full by Monte Carlo sim u la tion [11, 16,
17]. Here, the MCNP-4C code is used with the
stan dard pho ton nu clear data li brary MCPLIB [11]. 
The data for the re flected pho tons are col lected in
10 an gu lar and 20 en ergy in ter vals for 40 keV as
well as 60 keV per pen dic u larly in jected pho tons.
Sim u la tions have in cluded 109 pho ton his to ries re -
sult ing in sta tis ti cal un cer tainty of less than 1% for
each an gu lar-energy do main.

The an a lyt i cal and Monte Carlo re sults for the
dif fer en tial albedo, de fined as the ra tio of en ergy in te -
grated back scat tered an gu lar flux and the cur rent of
ini tial pho tons, are shown in fig. 3. The Monte Carlo

val ues are pre sented by open cir cles, while an a lyt i cal
re sults are shown by dot ted and full lines for the first
or der so lu tion and the sum of the first and sec ond or -
der so lu tions, re spec tively. It is ev i dent that the sin gle
scat ter ing flux with the Thomson ker nel as a pho ton
scat ter ing func tion ap prox i mates cor rectly the
half-space re flec tion in the case of 40 keV ini tial pho -
tons. For the case of 60 keV in ci dent pho tons, a
Monte Carlo re sult em pha sizes the less symmetrical
an gu lar be hav ior of the re flected pho tons. The an a -
lyt i cal re sults ob tained as a sum of the once and twice
back scat tered pho tons dif fer by about 10% from the
Monte Carlo re sults. How ever, better agree ment is in 
the mid dle of the an gu lar in ter val, while at both ends
of the in ter val the an a lyt i cal ap prox i ma tion is less sat -
is fac tory. It is the con se quence of the in ca pa bil ity of
the Thomp son func tion to de scribe ac cu rately the
pro cess of Compton scat ter ing peaked in the for ward 
di rec tion at higher en er gies.

The an gu lar de pend ence of the back scat tered
flux f w1 0( , , )E  cal cu lated from eq. (20) for two forms 
of Thomson scat ter ing func tion and for 40 keV ini tial
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Fig ure 3. An gu lar dis tri bu tion of
re flected pho ton flux for 40 and
60 keV pho tons per pen dic u larly
in jected into the plane iron shield

Fig ure 4. An gu lar dis tri bu tion of
re flected pho ton flux for 40 keV
pho tons per pen dic u larly in jected 
into the plane iron shield and for
two forms of Thomson scat ter ing
function



pho tons is shown in fig. 4. The anisotropic case is rep -
re sented by the full line while the iso tro pic ker nel ap -
prox i ma tion ( )m ms s1 2 0= =  is given by the dot ted
line. The Monte Carlo re sults are given by the open
cir cles. It is ev i dent that the sin gle scat ter ing flux with
the Thomson ker nel in anisotropic form ap prox i -
mates cor rectly to tal half-space re flec tion in the
low-energy do main of ini tial pho tons. We can con -
clude that the better agree ment could be achieved by
in clud ing the model of pho ton mul ti ple scat ter ing
rep re sented by the ex pres sion (13). On the con trary to 
these re sults, the sin gle scat ter ing model with the
Thomson ker nel in iso tro pic form does not fol low the
global shape of the an gu lar re flected flux.

Fig ure 5 shows the an gle in te grated albedo co ef -
fi cients for the three cho sen an gu lar in ter vals (dot ted
lines) and for the whole in ter val of back scat tered an gles
(full line). The ini tial pho ton en ergy is again of 40 keV
and the av er age en ergy of the to tal re flected pho ton
cur rent is de ter mined as E0 3535= . keV. The pick
shape forms of the in te grated albedo co ef fi cients over
the cho sen an gu lar in ter vals are ev i dent. More over, for
each of these in ter vals the av er age en ergy of re flected
pho ton cur rent fully cor re sponds to the an gle-energy
trans fer law. These re sults also ap prove the ad e quacy of
the sin gle col li sion model in pho ton low-energy re flec -
tion.

CON CLU SION

Good agree ment of re sults for the re flected pho -
ton flux and the dif fer en tial albedo, ob tained by the an a -
lyt i cal ap proach and the Monte Carlo sim u la tion for 40 
and 60 keV pho tons pen e trat ing per pen dic u larly into
the iron tar get, con firms, that in the low-energy do main
pho ton re flec tion can ef fi ciently be de scribed by the first
and sec ond or der so lu tion of the ap pro pri ate trans port
equa tion. The Thomson scat ter ing func tion in
anisotropic form, which suites quite well the ap plied an -
a lyt i cal tech nique, is also re li able in this en ergy range.
Based on the ex act so lu tions, especialy on the ex pres sion

(13) for the an gu lar flux den sity of pho tons which
strictly move into di rec tions w < 0  af ter each con sec u -
tive col li sion, the half-space buildup fac tor could be for -
mu lated en tirely in an an a lytic form.
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Srpko MARKOVI], Rodoqub SIMOVI], Vladan QUBENOV

PROU^AVAWE  REFLEKSIJE  NISKOENERGETSKIH  FOTONA
OD  GVOZDENE  METE

U radu je izvedeno vi{e analiti~kih izraza za fluks reflektovanih fotona pod
pretpostavkama da je funkcija rasejawa fotona u vidu Tomsonovog preseka i da se fotoni po
prodirawu u metu restriktivno prostiru iskqu~ivo prema slobodnoj povr{ini. Formule su
dobijene re{avawem transportne jedna~ine fotona primenom Pla~ekove leme povezane sa
inverznom Furijeovom transformacijom, ili sa metodom sudar po sudar. Razmatran je albedo prob -
lem fotona koji pod pravim uglom prodiru u homogeni ravanski {tit od gvo`|a. Pore|ewe rezultata 
dobijenih analiti~kim i Monte Karlo metodama za inicijalne energije fotona od 40 i 60 keV,
potvr|uje da pri niskoenergetskoj refleksiji dominira proces jednom unazad rasejanih fotona sa
jakim uticajem anizotropije funkcije rasejawa.


