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Sur face rough ness rep re sents the mea sure of the ir reg u lar i ties on the sur face con trib ut ing to
the lo cal field en hance ment. The tra di tional Fowler-Nordheim equa tion es tab lished for per -
fectly pla nar sur faces is not suit able for de scrib ing emis sion from rough sur faces. In stead, it is
more ap pro pri ate to use the equa tion that ac counts for the field en hance ment fac tor de scrib -
ing the ef fect of the sur face mor phol ogy. In super con duct ing ra dio fre quency cav i ties, field
emis sion may oc cur in the irises while the tips on the cav ity sur face may act as an emit ter lead -
ing to the high elec tric field. For this study, cal cu la tions for hemi spher i cal, cy lin dri cal, and
con i cal tips have been per formed us ing a Multiphysics soft ware pack age COMSOL. The fo -
cus was put on the de pend ence of the field en hance ment fac tor on the shape and the ra dius of
the pro tru sions. The elec tric field strength and the cur rent den sity in crease with in creas ing
the root mean square av er age of the pro file heights due to field en hance ment at the cav ity
irises. The low est value of the elec tric field has been achieved for the hemi sphere. The cal cu -
lated val ues for the field en hance ment fac tors are con sis tent with the data from the lit er a ture,
in which case the pro tru sion may rep re sent a small lo cal bump on the sur face of a super con -
duct ing cav ity. Based on the fit of the re sults, pre sented here, the re la tion be tween the en -
hance ment fac tor and the ra dius has been sug gested. The ac cu rate es ti ma tion of the field
emis sion may play a cru cial role in the de sign of ac cel er a tors and other tech no log i cal ap pli ca -
tions with re quire ments of ex tremely high pre ci sion. 
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IN TRO DUC TION

The strong elec tric field at the ir reg u lar i ties on the 
cav ity sur face en hances elec tron emis sion lead ing to
the field emis sion (FE) ef fect. Elec tron emis sion from
the sharp tips due to FE   is rec og nized as one of the most 
se vere con straints in high-gra di ent ac cel er a tor struc -
tures [1-6].  The main cause of FE in super con duct ing
cav i ties is par tic u late con tam i na tion. Scratches or other
geo met ri cal de fects on the cav ity sur face op er ate as
field emit ters cre at ing a field emit ted cur rent and re duc -
ing the qual ity fac tor [7]. Super con duct ing cav i ties are
much more sen si tive to FE as ad di tional dis si pa tion of
ra dio fre quency (RF) power due to the elec tron load ing
of the cav ity may cause sig nif i cant and un de sir able deg -
ra da tion of the qual ity fac tor [8]. Thus, there is sig nif i -
cant in ter est in un der stand ing the or i gin of FE in cav i -
ties with ap pli ca tions in super con duct ing ra dio
fre quency (SRF) cav ity de sign, con struc tion, and op er -
a tion.

The FE rep re sents the tun nel ing of elec trons
through a bar rier in the pres ence of a strong elec tric
field math e mat i cally ex pressed via Fowler-Nordheim
(FN) equa tion [9, 10]. In ac cel er a tors, FE is re spon si -
ble for un wanted ef fects such as ab sorp tion of RF
power, dark cur rent, and pos si ble break down.  The tra -
di tional FN the ory is shown to be a re stricted case of a
gen er al ized FN type equa tion in the limit of a per fectly
at the sur face of a ma te rial with par a bolic dis per sion
[11, 12]. When a sim ple quan ti ta tive test for lack of FE
has been con ducted by ap ply ing the orig i nal FN equa -
tion to the data avail able in the lit er a ture, al most half
the ex am ined data failed this test [13].

To solve this prob lem, many an a lyt i cal or
semi-an a lyt i cal works that ad dress emis sions from
spe cific ge om e try emit ters have been per formed [14,
15].  Some of them treat emis sion with no equa tion ap -
pli ca ble to ar bi trarily sharp nanoscopic tips [16].
Later, the sphere on a cone model has been de vel oped
con tain ing func tions of two vari ables that have to be
eval u ated nu mer i cally and thus are not easy to use
[17]. Zuber et al. [18] rec og nized the emis sion from
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hyperboloid sur face el e ment as FN type. From the first 
prin ci ples, Kyritsakis and Xanthakis [19] de rived a
gen er al ized FN equa tion that in volves the cur va ture of 
a nanoscopic emit ter. Geo met ri cal ef fects can also be
con sid ered by the field en hance ment fac tor de fined as
the ra tio of the lo cal elec tric field over the ap plied
field. In gen eral, the field en hance ment causes fields
about sharp points to be large.

In this pa per, the en hance ment of the field gen er -
ated around hemi spher i cal, cy lin dri cal, and con i cal
pro tru sions has been stud ied us ing the soft ware pack -
age COMSOL Multiphysics [20].  In COMSOL rough
sur face is char ac ter ized by us ing a sum of trig o no met -
ric func tions sim i lar to a Fou rier se ries ex pan sion.  The 
role of the sur face rough ness on the en hance ment of
the elec tric field and the cur rent den sity has been an a -
lyzed. The en hance ment fac tor for hemi spher i cal, cy -
lin dri cal, and con i cal pro tru sions has been es ti mated
and com pared. Based on the fit of the cal cu la tion re -
sults re la tion ship be tween the en hance ment fac tor, b,
and the ra dius, r, has been sug gested.

FIELD EN HANCE MENT

The FE emis sion from the sur face of a ma te rial is 
the ex trac tion of elec trons from a sur face by tun nel ing
through the sur face po ten tial bar rier. The FE cur rent
den sity, jFE, is given by the ex pres sion [21]

j e n D EFE d= ò ( ) ( , )d d d
0

4

(1)

where e is the elec tron charge, D – the trans mis sion co -
ef fi cient, d – the frac tion of the elec tron's en ergy re -
lated to the com po nent of mo men tum nor mal to the
sur face, and E – the elec tric field. Orig i nally, the FN
equa tion has been es tab lished for cold flat sur faces,
but in prac tice, no metal sur face in an ac cel er a tor cav -
ity is per fectly flat.

Geo met ri cal ef fects in the FN equa tion can be in -
tro duced by the field en hance ment fac tor de fined as
the ra tio of an elec tric field in the pres ence of a pro tru -
sion and the field in the ab sence of the pro tru sion.  The
ex pres sion for the elec tron cur rent den sity,  jFE,  has the 
form [22]
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where E is the elec tric field, f – the ma te rial work
func tion (ex pressed in eV), and b – the field en hance -
ment fac tor.  Fig ure 1 con tains cal cu lated val ues of the
field en hance ment fac tor for sev eral ge om e tries (a
sphere above a plane, a cyl in der topped by a
semi-sphere, and an el lip soid) char ac ter ized by the
height, h, ra dius, r, and r = k2/h (for el lip soid) [23]. 
An emis sion source with a greater field en hance ment
fac tor can pro duce a larger field and en hance the elec -
tron emis sion.  As can be seen from fig. 1, the larg est

elec tric field strength cor re sponds to a sphere above a
plane, while the small est to a semi-sphere.

The en hance ment is a dimensionless ra tio of
fields and is a func tion of the ge om e try
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where ha is the height of the pro tru sion and ¶zu(z, r) =1
for the pro tru sion-free case i. e., for d = 0.

In the case of the hemi sphere on a plane, the sys -
tem   is char ac ter ized by the ro ta tional sym me try about
the z-axis and the po ten tial can be ex pressed in terms
of the Legendre poly no mi als [24].
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Far away from the hemi sphere, r ® 4, V(r, q) ®
–Eoz = –Eor cos q. Along the sur face of the hemi -
sphere, the en hance ment fac tor is

b q q q( ) ( , ) cos= - ==
1

3
0E
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For a con i cal emit ter in a back ground field Eo,
such that the el lip soid is de fined by h = ho, and as ymp -
tot i cally, the po ten tial is that of a con stant back ground
field [24]

lim ( , ) cosh cos
h

h u h u
®

= - = -
4
V E z E L0 0 (6)

where the an gles (h, u) Amn cos(kmn× x + j) are re lated
to the cy lin dri cal co-or di nates (z, r) ac cord ing to
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Fig ure 1. Cal cu lated val ues for the field en hance ment
fac tor vs. h/r  (or h/k) for var i ous microprotrusion
ge om e tries [23]



r h u= Lsinh ( )sin ( ) (7)

z L= cosh ( )cos ( )h u (8)

where L is a length scale. For Pois son's equa tion Ñ2V = 0,
and us ing V(h, u) = EoL U(h)W(u) [24]
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From the as ymp totic be hav ior, W = cos u, while
U(h) = –cosh h + A1Q1(cosh h), where
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and A1 is de ter mined by the bound ary con di tion that on 
the sur face of the el lip soid (h = ho), the po ten tial van -
ishes.

NU MER I CAL METHOD

For this study, cal cu la tions were per formed us ing
the soft ware pack age COMSOL based on a multi-com -
po nent plasma fluid model solved by the fi nite el e ment
method [20]. The COMSOL Multiphysics rep re sents
an in te grated soft ware en vi ron ment for cre at ing phys -
ics-based mod els and sim u la tion ap pli ca tions. In
COMSOL Multiphysics sur face rough ness can be rep -
re sented as a sum of trig o no met ric func tions sim i lar to a 
Fou rier se ries ex pan sion [25]. A rough sur face f (x, y) is
com posed of many el e men tary waves. Each con stit u ent 
wave com po nent can be ex pressed in the form [25]

A k xmn mncos( )× + j (11)

where j is a phase an gle and Amn – the am pli tude. For
an en tirely ran dom sur face, the phase an gle, j, lays in
the in ter val 0 to p or –p/2 to p/2. The fi nal sur face is a
sum over all wave com po nents

f x A k x
m n
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,

= × +å mn mn j (12)

To rep re sent the rough sur face that we gen er ated
for our cal cu la tions, we used the dou ble sum
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where x and y are spa tial co-or di nates, m and n are spa -
tial fre quen cies, a (m, n) are am pli tudes, and j(m, n)
are phase an gles.

RE SULTS

A rough sur face to pog ra phy con trib utes to the
lo cal field en hance ment. Sur face rough ness rep re sents 
the mea sure of the ir reg u lar i ties on the sur face that can
be char ac ter ized by the root mean square (RMS)
height de fined as the root mean square av er age of the
pro file heights over the eval u a tion length and la beled
by Sq [26]. Fig ure 2 shows (a) 3-D, and (b) 2-D, im -
ages of the rough sur face ob tained by COMSOL
Multiphysics. It can be no ticed that these im ages are
sim i lar to atomic force mi cro scope (AFM) im ages
scanned over a sur face area [27]. The RMS height was
cal cu lated to be 0.25 m. The lo ca tions of the high elec -
tric field pro duced by the sharp-edge fea tures are
painted red.

The ef fect of the RMS height on the elec tric field
strength is il lus trated in fig. 3. For the RMS height of
0.50  m, the elec tric field is more than two and around
six times higher as com pared to that for the RMS
height of 0.25  m and 0.10  m, re spec tively. The higher
RMS height leads to an emis sion in crease due to lo cal
field en hance ment at the sharp point pro trud ing from
the sur face.  For higher RMS height elec tric field may
reach the thresh old value for field emis sion.

Fig ure 4 dis plays the FN cur rent den sity for the
sur face with var i ous RMS heights. The cur rent den sity 
is the low est for flat sur faces (red cir cles), while for
rough sur faces the cur rent den sity in creases with the
RMS height in creas ing. The higher the RMS height,
the higher the cur rent den sity.  Also, sur face ir reg u lar i -
ties may be come emit ters if trig gered by traces of im -
mersed im pu ri ties. Fig ure 5 dis plays the en hance ment
fac tors cal cu lated for fig. 5(a) RMS height of the pro -
tru sions of the sur face and fig. 5(b) emit ter ar eas. As
ex pected, the en hance ment fac tor in creases with the
RMS height in creas ing.  The emis sion cur rent of the
var i ous emit ters can be de ter mined from the mod i fied
FN equa tion [28]
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where f is the work func tion and A – the emit ting area. 
The emis sion of elec trons at low elec tric fields oc curs
from the sharp tip of the emit ter re sult ing in a smaller
emit ting area with a greater field en hance ment fac tor. 
At high elec tric fields, how ever, a large area of the
emit ter en hances elec tron emis sion, thereby re duc ing
fac tor b. As sum ing lin ear ity of ln(I/V2) with 1/V the
slope and in ter cept on the FN plot is suf fi cient to de ter -
mine field en hance ment and emis sion area A.

Be sides the height, the shape of the pro tru sion
also af fects the field en hance ment fac tor. Cal cu lated
val ues of the en hance ment fac tor of the field gen er ated 
around are de picted in fig. 6(a) hemi sphere, fig. 6(b)
cyl in der, and fig. 6(c) cone. The elec tric fields formed
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around con i cal and cy lin dri cal tips are sim i lar and
higher than those around the hemi sphere con form ing
to the cal cu lated val ues of the en hance ment fac tor
shown in fig. 1.

It is shown that the ra dius plays a key role in the
field en hance ment. The de pend ence of the en hance -
ment fac tor on the ra dius is rep re sented in fig. 7(a)
hemi sphere, fig. 7(b) cyl in der, and fig. 7(c) cone. The
en hance ment fac tor in creases with the ra dius de creas -
ing. It was re ported in the lit er a ture that the re la tion ship
be tween the en hance ment fac tor b and the ra dius r can
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Fig ure 2. (a) 3-D and (b) 2-D
im ages of rough sur faces
char ac ter ized by the RMS
height of 0.25 m

Fig ure 3. The elec tric field
gen er ated at the rough sur face
char ac ter ized by the RMS height: 
(a) 0.10 mm, (b) 0.25 mm, and (c)
0.50 mm

Fig ure 4. The Fowler-Nordheim cur rent den sity for
sur faces with the RMS height of 0 m (cir cles),
0.10 mm (squares), 0.25 mm (di a monds),
and 0.50 mm (up tri an gles)

Fig ure 5.  The de pend ence of the en hance ment fac tor on:
(a) RMS height Sq of the sur face rough ness and
(b) emit ter area A
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Fig ure 6.  The cal cu lated en hance ment fac tor for (a) hemi sphere, (b) cyl in der, and (c) cone of the equal ra dius

Fig ure 7.  The ef fect of the ra dius on (a) hemi spher i cal, (b) cy lin dri cal, and (c) con i cal pro tru sions on the en hance ment
fac tor



be fit ted ap prox i mately to b~r–1/2 [29].  Based on our
cal cu la tions shown in fig. 8 we may sug gest that the en -
hance ment fac tor, b, and the ra dius, r, can be fit ted ac -
cord ing to b~ar–b as plot ted in fig. 8. 

CON CLU SIONS

This study is re lated to the FE as one of the main
con straints of the ac cel er at ing gra di ent in super con -
duct ing cav i ties re main ing the dom i nant set back in
cav ity pro duc tion. Cal cu la tions of the elec tric fields
gen er ated around hemi spher i cal, cy lin dri cal, and con -
i cal tips were car ried out us ing COMSOL fi nite el e -
ments pack age. It is as sumed that the rough sur face is
com posed of many el e men tary waves. It was found
that the RMS height of the pro tru sions af fects the elec -
tric field and the cur rent den sity. The higher the RMS
height the higher field en hance ment at the pro tru sion.
For the RMS height of 0.50 m, the elec tric field
strength is six and two times higher than those for 0.10
mm and 0.25 mm, re spec tively. The field en hance ment
due to con tam i nants and de fects on the sur face has
been also es ti mated. At low elec tric fields, elec tron
emis sion oc curs from the sharp tip re sult ing in a
smaller emit ting area with a greater field en hance ment
fac tor. At high elec tric fields, how ever, the emit ter
area is large, while the en hance ment fac tor is re duced. 
From our cal cu la tions, we es ti mated the en hance ment
fac tor of around 4 for the hemi sphere, and around 11
and 12 for the cy lin dri cal and the cone tips, re spec -
tively.  Tips on the cav ity sur face may act as an emit ter
lead ing to the high elec tric field and thereby en hanced
FE. With de creas ing the ra dius of the pro tru sion, the
en hance ment fac tor in creases. Based on the fit of the
ob tained re sults, the re la tion be tween the en hance -
ment fac tor and the ra dius has been sug gested.  Re -
sults, pre sented here, could be use ful to re duce FE in
SRF cav i ties to reach higher ac cel er at ing gra di ents for
fu ture par ti cle ac cel er a tors.
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PROU^AVAWE  EMISIJE  USLED  JAKOG  POQA  KOD
SUPERPROVODNIH  RADIOFREKVENCIJENIH  URE\AJA

Hrapavost povr{ine predstavqa meru nepravilnosti povr{ine koja mo`e da doprinese
poja~awu lokalnog poqa. Tradicionalna Fauler-Nordhajmova jedna~ina uspostavqena za
savr{eno ravne povr{ine nije pogodna za opisivawe emisije sa hrapavih nepravilnih povr{ina.
Umesto we mnogo je pogodnije koristiti jedna~inu koja ukqu~uje faktor poja~awa poqa koji
ukqu~uje efekte morfologije povr{ina. Kod superprovodnih radiofrekvencijenih {upqina
emisija usled jakog poqa de{ava se na otvorima (irisima) i izbo~ine na povr{inama se mogu
smatrati emiterima koji mogu da emituju ~estice usled jakog poqa. Za ovo prou~avawe, prora~uni
za izbo~ine polusfernih, cilindri~nih i konusnih oblika izvr{eni su kori{}ewem softverskog
paketa zasnovanog na metodu kona~nih elemenata. Fokusirali smo se na zavisnost faktora
poja~awa od oblika i radijusa izbo~ina. Ja~ina elektri~nog poqa i gustina struje rastu sa
porastom sredwe kvadratne visine profila na otvorima {upqina. Izra~unate vrednosti za
faktor poja~awa u saglasnosti su sa podacima iz lit er a ture. Fituju}i dobijene rezultate,
predlo`ena je relacija koja povezuje faktor poja~awa i radijus. Ta~na procena efekata usled jakog
poqa ima veoma va`nu ulogu u dizajnu akceleratora i drugih tehnolo{kih primena koje zahtevaju
veoma visoku preciznost.

Kqu~ne re~i: akcelerator, {upqina, havarijsko zaustavqawe, COMSOL


