
AP PLI CA TION  OF  COM PLEX  STA TIS TI CAL  DIS TRI BU TIONS
AND NAT U RAL  ISO TOPES  OF  HY DRO GEN  AND  OX Y GEN

FOR  AS SESS MENT  OF  WA TER  OR I GIN  IN
ŠAR  MOUN TAINS  AQUATORIUM

by

Nenad Z. STANOJEVI] 1*, Jelena V. DJOKI] 1, 
Dušan P. NIKEZI] 2, and Predrag V. OSMOKROVI] 3

1 Fac ulty of Tech ni cal Sci ences, Uni ver sity of Pristina, Kosovska Mitrovica, Ser bia
2 Vin~a In sti tute of Nu clear Sci ences, Uni ver sity of Bel grade, Bel grade, Ser bia

3 Fac ulty of Elec tri cal En gi neer ing, Uni ver sity of Bel grade, Bel grade, Ser bia

Sci en tific pa per
https://doi.org/10.2298/NTRP2002172S

This study con sid ers the pos si bil ity of ap ply ing nat u ral iso topes of wa ter, tri tium, and ox y gen
18O, to an a lyze the con nec tion be tween ground wa ter, sur face, and pre cip i ta tion wa ters. This
anal y sis also en ables the de ter mi na tion of the age of ground wa ter, sep a rated from the cy cle of
wa ter cir cu la tion in na ture. Based on these meth ods, it is pos si ble to re li ably de ter mine, by
chro no log i cally ac cu rate method, the pos si bil ity of in dus trial ap pli ca tion and ap pli ca tion for
hu man needs of the wa ters of this aquatorium.
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IN TRO DUC TION

More re cently, the ef forts have been made to de -
velop con trol, pro tec tion and en hance ment of wa ter
re sources, glob ally and lo cally. The ap pli ca tion of iso -
tope tech niques for these pur poses oc cu pies an in -
creas ingly im por tant po si tion, es pe cially in the last
fifty years in which nu clear in stru men ta tion has
reached a high tech no log i cal level [1, 2].

The use of iso topes in hy drol ogy de pends on the
na ture of the prob lem ac cord ing to which the clas si fi -
ca tion can be made: tests re lated to the char ac ter is tics
of sur face wa ter courses (de ter mi na tion of flow, leak -
age of res er voirs and ca nals), ex am i na tion of con nec -
tions be tween ground wa ter and rain wa ter, ther mal wa -
ter test ing, tests in sedimentology (de ter mi na tion of
sed i ment for ma tion rate), test ing in lim nol ogy (de ter -
mi na tion of wa ter mea sure ment dy nam ics in ac cu mu -
la tion), tests in hydrometeorology (de ter mi na tion of
the for ma tion zone of wet waves, and test ing in gla ci -
ol ogy (in the for ma tion and trans port of gla ciers) [3,
4].

The use of iso topes in hy drol ogy can be di vided
into two fields as: sur face and ground wa ter can be la -
beled with ar ti fi cial ra dio iso topes or sub stances that
can later be ac ti vated (us ing ac ti va tion anal y sis) and

wa ters in their nat u ral state have sta ble and ra dio ac tive 
isotopes that can also serve for la bel ing. The sec ond
so lu tion is more ex pe di ent since the trac ers are ex -
pected to fol low the flow of wa ter as com pletely as
pos si ble, and that they can be eas ily and ac cu rately de -
tected in low con cen tra tions [5-7].

In ser tion of ra dio ac tive trac ers into ground wa ter 
is done by means of spe cial wells or through nat u ral
cracks, and their de tec tion is based on emit ted ra di a -
tion at points that can be wells or sources. The main
dis ad van tage of this method is the pos si bil ity of loss of 
ra dio ac tive trac ers by ad sorp tion dur ing flow through
un der ground me dia.

In or der to in crease the ef fi ciency of these meth -
ods, sev eral ra dio ac tive trac ers are used to gether, es -
pe cially if dif fer ent un der ground flows are tested, in
par tially co her ent ar eas, un der com bined con di tions.

Of all the iso topes that oc cur in na ture, deu te -
rium, ox y gen 18O, tri tium and car bon 14C are of par tic -
u lar in ter est for hy dro log i cal tests. Deu te rium and ox -
y gen 18O are sta ble iso topes, found in wa ter ac cord ing
to the pro por tion al ity de ter mined by their abun dance
and de vi a tion of phys i cal prop er ties in re la tion to the
ba sic prop er ties of hy dro gen and ox y gen 16O. The
third in ter est ing iso tope, tri tium, is cre ated in the at -
mo sphere by cos mic ra di a tion. Since it is ra dio ac tive,
its cre ation was, un til re cently, bal anced by de cay. In
re cent times, hu man ac tiv i ties in the field of nu clear
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phys ics have sig nif i cantly dis turbed this bal ance. Car -
bon 14C is also pro duced by cos mic ra di a tion in the up -
per at mo sphere. By ox i da tion, it re mains for the most
part in the at mo sphere, and one part passes into the hy -
dro log i cal cy cle via cal cium car bon ate.

The aim of this pa per is to an a lyze the wa ter cir -
cu la tion in Šar moun tains aquatorium, Ser bia, which
is rich with wa ter in an oth er wise water less en vi ron -
ment. Ox y gen iso topes 18O and tri tium will be used to
achieve this goal, and sta tis ti cal math e mat ics meth ods
will be used to quan tify the re sults [8, 9].

DE TER MI NA TION OF TRI TIUM AND
OX Y GEN 18O CON TENT IN
HY DRO LOG I CAL POP U LA TIONS

De ter mi na tion of tri tium in
hy dro log i cal pop u la tions

Ex per i men tal de ter mi na tion of tri tium ac tiv ity
of a hy dro log i cal pop u la tion con sists of fol low ing
phases: sam pling, sam ple prep a ra tion for en rich ment,
sam ple en rich ment, sam ple prep a ra tion for mea sur -
ing, and mea sur ing tri tium ac tiv ity in the sam ple [10].

When tak ing a sam ple, care should be taken to
en sure that it is a faith ful rep re sen ta tive of the an a -
lyzed wa ter. It should also be noted that, af ter tak ing,
the sam ple must not be in con tact with at mo spheric
mois ture.

To mea sure the ac tiv ity of tri tium, in prin ci ple,
all stan dard meth ods used in the mea sure ment of ion -
iz ing ra di a tion can be used, in which gas me ters, nu -
clear emul sions, semi con duc tor me ters, etc. are used
as de tec tors [11].

The main prob lem with mea sur ing tri tium ac tiv -
ity us ing any of the afore men tioned meth ods is that tri -
tium emits low-en ergy beta par ti cles, so it must be in -
tro duced di rectly into the ac tive zone of the de tec tor.
In most cases, the tri tium ac tiv ity of pre cip i ta tion, sur -
face and ground wa ter sam ples is mea sured us ing scin -
til la tion coun ters. For this pur pose, the liq uid sam ple is 
mixed with a scintillator [12, 13].

Sam ple en rich ment is the most im por tant part of
the nat u ral tri tium de ter mi na tion pro cess. En rich ment
with a fac tor of 10 to 100 is usu ally per formed. All
stan dard meth ods for iso tope en rich ment can be ap -
plied [14].

The en riched sam ples are mixed with a suit able
scintillator (about 9 mL and 14 mL scintillator). It is
im por tant that the sam ple is re tained in the mix ture un -
changed for more than 10 days, and also, a min i mum
level of back ground ra di a tion should be ob tained dur -
ing the mea sure ment.

The ap plied scin til la tion coun ter must have
known lin ear ity within the lim its of mea sure ment and
should be sta ble and well pro tected from back ground
ra di a tion.

De ter mi na tion of 18O ox y gen in
hy dro log i cal pop u la tions

Sam ples are taken from the place where it is nec -
es sary to mea sure ox y gen 18O (river wa ter, pre cip i ta -
tion, ground wa ter). When tak ing sam ples for these
mea sure ments, bot tles that are filled to the top with
wa ter and tightly closed to avoid iso to pic ex change
with at mo spheric mois ture, are usu ally used.

Con tent fluc tu a tion in the ox y gen 18O iso tope
can only be ac cu rately mea sured us ing a mass spec -
trom e ter. In or der to avoid the mem ory ef fect of the
mass spec trom e ter, it is nec es sary to con vert the sam -
ple to a gas eous state. There are var i ous tech niques for
con vert ing aque ous sam ples to a gas eous state. In this
pa per, the pro ce dure of bring ing the sam ple into equi -
lib rium with stan dard CO2 is ap plied ac cord ing to the
re la tion [15]

CO H O CO O H O2
16

2
16 18

2
16+ Û +18 (1)

where the fluc tu a tion of ox y gen 18O in CO16O18 ac -
cord ing to stan dard CO2 is mea sured af ter equil i bra -
tion. To de ter mine this fluc tu a tion, the wa ter sam ple is
re duced over ura nium to hy dro gen, which is fur ther
mea sured.

The ox y gen 18O con cen tra tion was an a lyzed by
mass spec trom e ter WG-MICROMASS de signed ex -
clu sively for this type of mea sure ment to yield iso to pic 
fluc tu a tions in re la tion to the stan dards ap plied.

MIXED STA TIS TI CAL DIS TRI BU TIONS

Anal y sis of the con nec tion be tween pre cip i ta tion
and sur face wa ters in an aquatorium, such as Šar moun -
tains aquatorium, Ser bia, us ing tri tium and ox y gen 18O
im plies the ap pli ca tion of sta tis ti cal math e mat ics meth -
ods. Since these are wa ter sam ples that have dif fer ent
his to ries, and since tri tium is an un sta ble nu cleon, sta -
tis ti cal pro cess ing of the mea sure ment re sults must be
based on mixed dis tri bu tions and the law of in creas ing
prob a bil ity. The re sult ing dis tri bu tion of sam ples
formed from pre cip i ta tion, ground wa ter and sur face
wa ter should be of the ad di tive type, but the in sta bil ity
of tri tium leads to the fact that these dis tri bu tions can be
of the multi pli ca tive type. This in cludes the ap pli ca tion
of the model de scribed by the Weibull dis tri bu tion,
which is based on the mul ti pli ca tion ex pres sion when
cal cu lat ing the prob a bil i ties. There fore, multi pli ca tive
mixed dis tri bu tions are treated as the ap pli ca tion of the
law of in creas ing prob a bil ity [16, 17].

Ad di tive and multi pli ca tive mixed dis tri bu tions
are very dif fi cult to pro cess math e mat i cally due to the
large num ber of pa ram e ters. For this rea son, em pir i cal
meth ods are needed that can be ap plied through some
com puter soft ware, or sim ply graph i cally us ing the ap -
pro pri ate prob a bil ity pa per. These graph i cal meth ods
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are based on the em pir i cal den sity func tion, which are
de duc tively di vided into den sity func tions of a spe cial
type of dis tri bu tion so that the ini tial den si ties are ob -
tained by su per im pos ing the lat ter. The mit i gat ing cir -
cum stance is, for ex am ple, the fact that when nor mal
dis tri bu tion prob a bil ity pa per is used, the graphs of the 
em pir i cal func tions are al most nor mally dis trib uted if
the com po nent func tions are also nor mally dis trib -
uted. These real graphs should be the start ing point in
the graph i cal ap prox i ma tion [18, 19].

The law of in creas ing prob a bil ity (which in cludes
de crease) from the sta tis ti cal point of view rep re sents
prac ti cal ap pli ca tion of the law of mul ti pli ca tion of in de -
pend ent prob a bil i ties, P(AÇB) = P(A)P(B). Of course,
the in de pend ence of in di vid ual prob a bil i ties that oc cur in 
par al lel in re la tion to space and time, or con sec u tively, is
im plied.

For sta tis ti cal pro cess ing of the in crease or de -
crease of an en tity in re la tion to space and time, a 4-D
in crease fac tor n is in tro duced, which rep re sents the
re la tion ship be tween the in creased (Vn, Tn) and re -
duced sys tem (V1,T1)

n
V T

V T
n n=
1 1

(2)

when some vol ume V1, with the prob a bil ity p1 of the
pres ence of the tracer, in creases by n times then there is 
an in crease in the prob a bil ity of the oc cur rence of the
tracer pn, which is de ter mined by the ex pres sion

1 1 1 11 1 1 2 1- = - - -p p p pn n( ) ( ) ( )K (3)

where com ple men tary events are taken into ac count. If 
it is as sumed that the in di vid ual vol umes are iden ti cal
then eq. (3) passes into

p pn
n= - -1 1 1( ) (4)

If in stead of dis crete prob a bil i ties the en tire dis -
tri bu tion func tions F1(x) and Fn(x) are taken into ac -
count then

F x F xn
n( ) [ ( )]= - -1 1 1 (5)

The en large ment now co mes down to as sum ing
an iden ti cally dis trib uted vari able for n el e ments con -
sid ered by the num ber of trac ers per sam ple unit
[20-22].

In this case, eq. (5) turns into eq. (6)

F x F xn i
i

n
( ) [ ( )]= - -Õ

=
1 1 1

1
(6)

Equa tion (6) is a gen eral ex pres sion in de pend ent 

of the sta tis ti cal dis tri bu tion of a sto chas tic sam ple of

ran dom vari ables, since the group of ob served ran dom

vari ables is sub ject to other sta tis ti cal dis tri bu tions

that give other ex pres sions of the in creas ing prob a bil -

ity based on the gen eral eq. (6). The af fil i a tion of a ran -

dom vari able to a spe cific sta tis ti cal dis tri bu tion stems

from its na ture, which can only be de ter mined ex per i -

men tally. At the end, the ex per i men tal re sults should

be tested for be long ing to those dis tri bu tions that arise

from the ob served prob lem. To ob serve the dis tri bu -

tion of nat u ral nuclides of wa ter com po nents as trac -

ers, min i mum value type dis tri bu tions and nor mal dis -

tri bu tion are im posed. For this rea son, in this pa per we

will con sider the ex po nen tial dis tri bu tion, the two-pa -

ram e ter and three-pa ram e ter dis tri bu tion, and the nor -

mal dis tri bu tion [23-25].

EX PER I MENT

The ex per i men tal pro ce dure con sisted of tak ing
two  iden ti cal  sam ples  50  times in 0.5 dL, 1 dL, 2 dL,
5 dL, 7 dL, and 10 dL plas tic bot tles. Plas tic bot tles
have been cleaned of mem ory ef fect, filled to the top
and sealed in wa ter (to avoid con tact with at mo spheric
air). Sam pling took one year at in ter vals of about 25
days (de pend ing on the oc cur rence of pre cip i ta tion).

Af ter sam pling, they were im me di ately mea -
sured for tri tium and ox y gen 18O con cen tra tions. The
sam ples were first cleaned of sus pi cious re sults. Af ter
that, the sam ples were tested for be long ing to a sin gle
sta tis ti cal vari able us ing the U-test.

Ta ble 1 shows the de pend ence of the vari a tion co -
ef fi cient on en large ment fac tor for the ex po nen tial dis tri -
bu tion, two-pa ram e ter Weibull dis tri bu tion, three-pa -
ram e ter Weibull dis tri bu tion and for the nor mal
dis tri bu tion.

Fig ure 1 shows the de pend ence of the vari a tion
co ef fi cient from tab. 1 to gether with the ex per i men -
tally ob tained points.

From fig. 1 it can be seen that the con cen tra tion
of tri tium in all dis tri bu tions be longs to the two-pa -
ram e ter Weibull dis tri bu tion of the multi pli ca tive
type, and the ox y gen 18O con cen tra tion  in all dis tri bu -
tions be longs to the three-pa ram e ter Weibull dis tri bu -
tion of the three-pa ram e ter type. It was also ob served
that the con cen tra tion of tri tium in ground wa ter sam -
ples be longs to the two-pa ram e ter Weibull dis tri bu tion 
of the ad di tive type.

Based on the re sults shown in fig. 1, it was pos si -
ble to ex press equa tions for the de pend ence of dis tri -
bu tion func tions of the ox y gen 18O and tri tium in the
tested sam ples [26].

In the case of ox y gen 18O, it was shown that the
de pend ence curve be longs to the three-pa ram e ter
Weibull dis tri bu tion. If the Weibull dis tri bu tion is
taken for iden ti cal ini tial dis tri bu tions

F x x x1 0 11( ) exp{ [( ) / ] }= - - - h d (7)

and re place in the ba sic equa tion of the law of in creas -
ing prob a bil ity, it fol lows that [27]

F x
x x

nn ( ) exp= - -
-æ

è
çç

ö

ø
÷÷

é

ë

ê
ê

ù

û

ú
ú

1 0

1h

d

(8)
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Ta ble 1. De pend ence of vari a tion co ef fi cient on en large ment fac tor
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where h d1 0, ,x , are the pa ram e ters of the ini tial dis tri -
bu tion. In the case of fac tor n in crease, only the 63 %
quintile changes to

  h h d d
n nm mx x n x x n= - = = -- -( ) ( )/ /

0 63 1
1

1 0 63
1 (9)

while the ini tial value x0 and the Weibull ex po nent, d, 
re main the same. On prob a bil ity pa per, the dis tri bu tion 
func tions ob tained from the re duced Weibull dis tri bu -
tion (h1 = 1, x0 = 0, from tab. 1) are par al lel to the ini tial
dis tri bu tion F1(x), fig. 2. The change in mode when
there is en large ment, eq. (9), is shown in fig. 3 in rel a -
tive form.

In the case of a par al lel con nec tion of n el e ments
with a vari able that is sub ject to the Weibull dis tri bu -
tion, but with dif fer ent pa ram e ters h1i, x0i and di  then,
anal o gous to eq. (6), the gen eral law of in creas ing
prob a bil ity gives

F x
x x

n
i

n
i

i

i

( ) exp exp= - - å
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1
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In this case, as in the case of the dou ble-ex po -
nen tial dis tri bu tion, the type of dis tri bu tion is lost.

Based on afore men tioned, it is pos si ble to per -
form sim pler ex pres sion for stan dard de vi a tion

s
s

n kn
= 1 (11)

and den sity mean value of the ox y gen 18O de pend ing
on ba sic sam ple en large ment by n times

n n L k nn
k= - -1 11 1( ) / s (12)

where L k k k k( ) ( ) ( ) ( )= + - + +
-

G G G1 2 1 12 12
 and

G(k) is gamma func tion.
Based on eqs. (11) and (12), the in crease in tri -

tium con cen tra tion can be cal cu lated with out tak ing
into ac count the ra dio ac tive de cay. If the ra dio ac tive
de cay of tri tium is taken into ac count (which is es pe -
cially true for old ground wa ter sam ples) then fol lows 
(d # 2)
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where n is
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   Fig ure 2. The law of in creas ing prob a bil ity for the Weibull dis tri bu tion, pre sented on prob a bil ity pa per (Weibull pa per)



By ap ply ing the two-pa ram e ter Weibull dis tri -
bu tion,  the  type  of  dis tri bu tion is pre served and the
63 % quantile changes ac cord ing to
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In or der to ver ify the de rived ex pres sions, a sig -

nif i cantly in creased sam ple (100 L) of wa ter from the

lower parts of the Šar moun tains was taken, where all

the tested wa ters (pre cip i ta tion, ground wa ter and sur -

face wa ter) were mixed and an a lyzed ac cord ing to the

ex pected re sults based on wa ter mea sure ments and ex -

pres sions.
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With re gard to the math e mat i cal pro ce dure, it
should also be noted that the vol ume ef fect must be
cal cu lated us ing a phys i cally ap pro pri ate se lected
vari able. The re sult can be trans formed at any time to
ex press the de sired vari able, us ing known links to
other vari ables.

Fig ure 4 shows the con cen tra tions of tri tium (Tu  
unit is de fined as the ra tio of one tri tium atom to 1018

hy dro gen at oms) in Jažina~ko Lake. By sta tis ti cal
anal y sis, us ing the U-test re vealed the ex is tence of
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Fig ure 3. Pa ram e ter hn nmx x= -( )0 63  of 
Weibull dis tri bu tion as a func tion of the
en large ment fac tor n

Fig ure 4. Tri tium ac tiv ity in a mix ture of
ground wa ter (+), sur face wa ter (¢) and
pre cip i ta tion (l); re sul tant ac tiv ity (*)



three sta tis ti cal sam ples that can be clearly di vided
into ground wa ter gen er ated be fore nu clear ac tiv i ties,
i.e. be fore the cre ation of nu clear re ac tors, atomic
bombs, etc. The group of ran dom vari ables in cludes
pre cip i ta tion wa ters and it can be roughly es ti mated
that most of the pre cip i ta tion was in the sum mer pe riod 
when the pro cesses of nucleosynthesis in the at mo -
sphere are much more ac tive, i. e. ex pe ri enc ing a peak.

Fig ure 5 shows the ox y gen 18O con cen tra tion in
Durlov Creek with clearly sep a rated two ar eas (uni -
verses). The uni verse 1 be longs to the old ground wa ter 
in which the per cent age of ox y gen 18O is ap prox i -
mately equal to its nat u ral abun dance. The uni verse 2
be longs to pre cip i ta tion wa ters with in creased con cen -
tra tion of ox y gen 18O due to the sci en tific re search of
hu man ac tiv ity started six ties.

Fig ure 6 shows the ac tiv ity of tri tium in ground -
wa ter that has lit tle or no con tact with sur face wa ter.
The di a gram shows the low ac tiv ity of tri tium, which
is char ac ter is tic of the prenuclear era. It can be seen the 
ex is tence of a slight peak that is in ter preted as a con -
tact with sur face wa ter. The the o ret i cal curve is in per -
fect agree ment with eq. (16) thus con firm ing the the o -
ret i cal anal y sis.

Be cause of the math e mat i cal dif fi cul ties as so ci -
ated with mixed dis tri bu tions, they should only be
used when phys i cally es sen tial, i.e. when the phys i cal
model of the ran dom pro cess be ing in ves ti gated, pro -
duces a mixed dis tri bu tion. One should on no ac count
in ter pret an em pir i cally – found re la tion ship from the
out set as a mixed dis tri bu tion with out such a model.
No doubt, many re la tion ships in na ture and tech nol -
ogy in trin si cally fol low mixed dis tri bu tions, but in the
end, in the ar eas that mat ter, it is usu ally in di vid ual in -
flu ences that dom i nate, so that mixed com po nents can

be ingnored. For ex am ple, when ap ply ing the law of
in creas ing prob a bil ity to the mixed dis tri bu tion, it
would be suf fi cient just to con sider the nor mal dis tri -
bu tion as so ci ated with uni verse 1.

CON CLU SION

The anal y sis of nat u ral trac ers in the com po si -
tion of sur face wa ter, ground wa ter, and pre cip i ta tion
wa ters can fully es tab lish the past, pres ent and fu ture
of an aquatorium. The great ad van tage of this method
is in the chro no log i cally ac cu rate pre dic tion of the oc -
cur rence in the ob served aquatorium. It is also pos si ble 
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Fig ure 5. Ox y gen 18O
con cen tra tion in a
mix ture of ground wa ter
and sur face wa ter (l)

Fig ure 6. Ground wa ter con cen tra tion in sam ples taken
from 1940 to 1980 and the cor re spond ing curve
ac cord ing to eq. (16)



to pre dict the quan ti ties of wa ter of each or i gin and
thus pre dict the pos si bil ity of their ap pli ca tion in in -
dus try and wa ter sup ply for the pop u la tion. It should
be es pe cially em pha sized that nat u ral iso topes of he -
lium and hy dro gen are con stit u ents of wa ter (with a
pre cisely de ter mined abun dance) and thus, their hy -
dro dy nam ics are not af fected by any thing.
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Nenad Z. STANOJEVI], Jelena V. \OKI],
Du{an P. NIKEZI], Predrag V. OSMOKROVI]

PRIMENA  SLO@ENIH  STATISTI^KIH  RASPODELA  I  PRIRODNIH
IZOTOPA  VODONIKA  I  KISEONIKA  ZA  PROCENU  POREKLA

VODA  U  AKVATORIJUMU  PLANINE  [ARE

U radu se razmatra mogu}nost primene prirodnih izotopa vode, tricijuma i kiseonika
18O, za analizu povezanosti podzemnih, nadzemnih i padavinskih voda. Analiza omogu}ava i
odre|ivawe starosti podzemnih voda izdvojenih iz ciklusa kru`ewa vode u prirodi. Na osnovu
ovih metoda mogu}e je pouzdano, hronolo{ki precizno, odrediti mogu}nost industrijske primene i
primene za qudsku potrebu voda tog akvatorijuma.

Kqu~ne re~i: akvatorijum planine [are, tricijum, kiseonik 18O


