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Seek ing op ti mal ma te rial dis tri bu tion in a nu clear sys tem to max i mize a re sponse func tion of
in ter est has been a sub ject of con sid er able in ter est in nu clear en gi neer ing. Ex am ples are the
op ti mal fuel dis tri bu tion in a nu clear re ac tor core to achieve uni form burnup us ing min i mum
crit i cal mass and the use of com pos ite ma te ri als with an op ti mal mix of con stit u ent el e ments 
in de tec tion sys tems and ra di a tion shield ing. For such stud ies, variational meth ods have been
found to be use ful but, they have been used for standalone anal y ses of ten re stricted to ide al -
ized mod els, while more elab o rate de sign stud ies have re quired computationally ex pen sive
Monte Carlo sim u la tions ill-suited to it er a tive schemes for op ti mi za tion. Such an in her ent
dis ad van tage of Monte Carlo meth ods changed with the de vel op ment of per tur ba tion al go -
rithms but, their ef fi ciency is still de pend ent on the ref er ence con fig u ra tion for which a
hit-and-trial ap proach is of ten used. In the first il lus tra tive ex am ple, this pa per ex plores the
com pu ta tional speedup for a bare cy lin dri cal re ac tor core, achiev able by us ing a variational re -
sult to en hance the com pu ta tional ef fi ciency of Monte Carlo de sign op ti mi za tion sim u la tion.
In the sec ond ex am ple, the ef fect of non-uni form ma te rial den sity in a fixed-source prob lem,
ap pli ca ble to op ti mal mod er a tor and ra di a tion shield ing, is pre sented. While ap pli ca tions of
this work are nu mer ous, the ob jec tive of this pa per is to pres ent pre lim i nary variational re -
sults as in puts to elab o rate sto chas tic op ti mi za tion by Monte Carlo sim u la tion for large and
re al is tic sys tems.

Key words: variational method, op ti mal dis tri bu tion, Monte Carlo per tur ba tion, nu clear sys tem,
min i mum crit i cal mass

IN TRO DUC TION

The ob jec tive of dis trib ut ing ma te ri als in a nu -
clear sys tem, mul ti ply ing or fixed-source, is to max i -
mize (or min i mize) some quan tity of in ter est such as
min i miz ing the fis sile mass in a nu clear fis sion re ac tor, 
max i miz ing the tri tium pro duc tion in a fu sion blan ket,
or min i miz ing the ra di a tion en vi ron ment sur round ing
a de tec tion sys tem. Thus, op ti mal dis tri bu tions lie at
the heart of de sign op ti mi za tion for which variational
meth ods [1-5] are ex ten sively used al though of ten for
ide al ized con fig u ra tions. Fur ther, in de sign op ti mi za -
tion, sen si tiv ity co ef fi cients due to un cer tainty in nu -
clear cross-sec tion data, ma te rial and geo met ric per -
tur ba tion [6-9] can also be de ter mined with variational 
meth ods. Good com pu ta tional ef fi ciency has been
achieved for large-scale re ac tor de sign com pu ta tions
and with di verse ap pli ca tions in en gi neer ing [10]. For

the op ti mal ar range ment of fuel in a core, the
Pontryagin Max i mum Prin ci ple is used [3], to es ti mate 
the op ti mal con trol, i. e., best place ment of high and
low en riched fuel in the core. This con sti tutes an
ODE-con strained op ti mi za tion prob lem with the dif -
fu sion equa tion as the con straint. The draw back with
variational meth ods has been their dif fi culty to be ap -
plied for large prob lems, for which Monte Carlo meth -
ods [11-13] and heu ris tic meth ods such as ge netic al -
go rithms have been dem on strated to be more at trac tive 
[14]. How ever, variational meth ods have been ex -
tended [7-9, 15] to ther mal re ac tor phys ics cal cu la -
tions, with the computationally ac cel er ated 3-D het er -
o ge neous variational node method, ame na ble to
parallelization. In the Monte Carlo method, sen si tiv ity
co ef fi cients can be es ti mated by ob tain ing de riv a tives
sam pled in a sin gle run thus, avoid ing the need for per -
form ing an adjoint run in ad di tion to a for ward run, as
is done in the de ter min is tic ap proach. How ever, de riv -
a tive sam pling has been found to be ac cu rate for small
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per tur ba tions and hence, the choice of a  ref er ence
con di tion has bear ings on the com pu ta tional ef fi -
ciency of an op ti mi za tion sim u la tion. This work ex -
plores the com pu ta tional ad van tage of us ing a
variational re sult as an ed u cated guess for start ing a
Monte Carlo de riv a tive sam pling sim u la tion. Ini tial
variational re sults are ob tained from two-group neu -
tron dif fu sion equa tions for il lus tra tive ex am ples of a
two-zone re ac tor core, and a non-mul ti ply ing me -
dium. In the for mu la tion of this op ti mal con trol prob -
lem with the ma te rial den sity as the con trol vari able,
the Lagrangian is used since the ef fect of ma te rial dis -
tri bu tion on the re sponse of in ter est has a di rect and an
in di rect com po nent. The for mer due to the ma te rial
den sity change and the lat ter due to the change in the
field func tion i. e., the neu tron flux, due to the change
in den sity. As an ex am ple, the two-group the ory is
matched with the de tailed MCNP5 [16] sim u la tion re -
sults to strengthen its va lid ity and en able its use to gen -
er al ize on the ap pli ca bil ity of its re sults.

This work pres ents a use ful in sight into the dif -
fer ent ap proaches and is ap pli ca ble to de sign op ti mi -
za tion in nu clear sys tems.

VARIATIONAL FOR MU LA TION

In de sign op ti mi za tion, one of the goals is to
max i mize some re ac tion rate, or per for mance in dex, 
R k k=< >S , f  sub ject to a con straint such as the neu -
tron dif fu sion (or trans port) equa tion

$Mf = 0 (1a)

In a two-group for mu la tion [17]
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Here we have as sumed that fis sion neu trons are
pro duced in the ther mal group (group 2) and ap pear in
the fast group (group 1). The atomic den sity of the ma -
te ri als, for a non-uni form dis tri bu tion, can be writ ten
as N(x) = f(x)No, sub ject to f x x

a

b
( )d =ò 1 in some do -

main G Î ( , )a b  with ap pro pri ate bound ary con di tions.
In eq. 1(a), the flux vec tor is f f f= [ , ]1 2

T  and the op -
er a tor is $ ( , )L D gg g g r,g g= Ñ Ñ - =f fS 1 2 .

The variational for mu la tions con sid ered here
have a con tin u ous con trol u, and a dis crete con trol u
hav ing an ad mis si ble set of val ues cor re spond ing to
the min i mum and max i mum val ues umin and umax, re -
spec tively.

In the con tin u ous for mu la tion, the Lagrangian is
writ ten as

L = + < >+R Mk
Tf f, $ (2)

with an ob jec tive to ob tain the op ti mal dis tri bu tion u*
by seek ing first-or der vari a tions for a stationarity con -
di tion.

In the dis crete for mu la tion, where the con trol is
given a value, the equa tions be come eas ier to solve.
Then eq. 1(a) is writ ten in state-space form for vari -
ables yi ex pressed as

& ( , , ), , , , ,y f y u x ii i= = 0 1 2 3 4 (3)

with the per for mance in dex in cluded.
The Hamiltonian is then writ ten as

H f y u xi i
i

=
=
å l ( , , )

0

4

(4)

which yields the stationarity con di tions

& ( , , )y f y u x
H

i i
i

= =
¶

¶l
(5a)

and the adjoint equa tions

&li = -
¶

¶

H

yi

(5b)

With so lu tions ob tained for yi and li, us ing the
trans vers ali ty bound ary con di tions, the Hamiltonian
can be found in the form

H g u x h x= +( , ) ( ) (6)

and thus the shape of g(u, x), also refered to as the
switch ing func tion, de ter mines which of the ad mis si -
ble val ues of the con trol u are to be ap plied to max i -
mize H. Then, ac cord ing to Pontryagin's Max i mum
Prin ci ple

H y u x H y u x( , , ) ( , , )* * *³ (7)

where umin £ u £ umax.
We now con sider two il lus tra tive ex am ples

where the previous for mu la tions are used to ob tain op -
ti mal dis tri bu tions.

EX AM PLE 1: OP TI MAL FUEL
EN RICH MENT

In a nu clear re ac tor core, fuel of vary ing en rich -

ment is used and placed in such a way that uni form

burnup is achieved and min i mum fuel is re quired for crit -

i cal ity. The op ti mi za tion prob lem is thus for mu lated as

fol lows: Given some max i mum fuel en rich ment umax,

what   is  the  best  place ment  of  fuel  such  that  the re ac -

tor is crit i cal  with  min i mum  fuel  mass?  This  is  for mu -

lated as fol lows: min i mize R = < u > where  

u u Na= = ¢å + =2
235 235g d g s, , ¢ =u N N U5 / (en rich- 

ment),   d = N oth ers sa
oth ers with  the  con straint  of  fixed N U

–  to tal num ber of ura nium  at oms  in  the  do main  r Î (0,

R) sub ject to the con straint of eq. 1(a) with ap pro pri ate

bound ary con di tions [3]. For a bare cy lin dri cal re ac tor,

the cou pled sec ond-or der ODE rep re sent ing the gov ern -

ing equa tion  $Mf = 0  are  writ ten  in  state  space  form 

with  the  vari ables   y1  =  f1,  y2 = r df1/dr,  y3 = f2,  and y4

= r df2/dr. The first-or der equa tions are then
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 ry y y ry ury ry y& , & , & ,1 2 1 2 1 1 3 3 4= = - =t t a  and

t t b2 4 1 2 3
&y ry ury= - + with &y ur0 2= p   added as a state

equa tion. Here, t1 1 1= åD , t2 1 2= åp D ,

a = k pD4 1
' , b = 1 2D

These equa tions are solved us ing the trans vers -
ali ty bound ary con di tions

l d l di i i iR y R y( ) ( ) ( ) ( )- =0 0 0 (8)

for which the flux bound ary con di tions
f f1 0 2 0

0' '

r r= =
= =  and f f1 2 0r R r R= == = , yield

bound ary con di tions for the adjoint fluxes:
 l l1 0 3 0

0
r r= =

= =  and l l2 4 0
r R r R= =

= = .
The Hamiltonian is now writ ten in the form of

eq. (6) with

g u r u r r y r y( , ) ( )= - +2 0 2 3 4 3p l a l b l (9a)
and

   h r
r

y r y
r

y r y( ) = + + -
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and thus the shape of g(u), also refered to as the switch -
ing func tion, de ter mines which of the ad mis si ble val -
ues of the con trol u are to be ap plied ac cord ing to
Pontryagin's Max i mum Prin ci ple where umin £ u £
£.umax.

The dis crete form sim pli fies the con tin u ous form 
by per mit ting the con trol u to be a con stant in a par tic u -
lar sub-do main of the prob lem. Thus where g(u, x) is
min i mum (ei ther sign), umax is ap plied and vice versa.
The num ber of ze ros of the switch ing func tion will de -
ter mine the num ber of con trols ap plied. At the bound -
aries, g(u, 0) = 0, and g(u, R) < 0 with ze ros in be tween. 
It can be in ferred [3] that for the two-zone case, H is
max i mized with u = umax in the first zone  0 < r  £ R1

and u = umin in the sec ond zone  R1 < r £ R where the
zone bound ary is at r = R1. While con trary to en gi neer -
ing prac tice of lower en rich ment in the in ner zone, this
ex am ple is pre sented merely to dem on strate an op ti -
mal re sult. Sim i larly, for three zones, the max i mi za -
tion re quire ment is the con trol strat egy umin,umax,umin

for the first, sec ond and third zones, re spec tively. We
thus need to find the crit i cal pairs for each per mis si ble
value of  u £ umax. This is achieved from the crit i cal ity
con di tion found by solv ing for the two-group fluxes
us ing Cramer's rule (det(Y) = 0) for ho mog e nous

equa tions. For the one- and two-zone cases, the con di -
tions are:
One zone

S J R S I R

J R I R
11 0 13 0

0 0

0
( ) ( )

( ) ( )

m l

m l
= (10a)

Two zone

Where J0, Y0 are Bessel func tions of or der zero of first
and sec ond kind, and I0, K0 are mod i fied Bessel func -
tions of the first and sec ond kind, re spec tively. Here,
Sij are the cou pling co ef fi cients for zone i and in dex j
with
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For the three-zone case, Lee [3] has ob tained a
10 × 10 de ter mi nant.

We con sider a bare ho mo ge neous nu clear re ac -
tor core (ra dius 122.6 cm, height 365.8 cm) with the
fol low ing two-group data [17]

D1 = 1.13 cm, Ss = 0.0419 cm–1

D2 = 0.16 cm, sa b235 678=

N U = + =N N atoms per cm235 238 21 36994 10.

Clearly, no op ti mal ar range ment can be de ter -
mined from the one-zone case as the bare re ac tor is
found to be crit i cal for a uni form en rich ment of 1.1 %
(crit i cal mass 518.7 kg U235). For a two-zone
equal-vol ume (R = 86.6913 cm, 122.6 cm) con fig u ra -
tion, the crit i cal en rich ment pairs found from the de -
ter mi nant  are  given  in  tab.  1.  As the fuel en rich ment
in  the  first  zone  in creases  from  nat u ral ura nium
(umax = 0.71 %) to 1.2 %, the en rich ment de creases in
the sec ond zone. With these com bi na tions, the av er age 
u (a mea sure of the min i mum crit i cal mass) is given in
the third row while MCNP re sults are given in the
fourth row.
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There are no so lu tions for umax ³ 1.2 be cause at
an en rich ment of 1.2 %, the crit i cal ra dius is less than
the ra dius of the first zone. The MCNP runs for 1000
neu trons per cy cle and 100 cy cles give a pre lim i nary
es ti mate of keff  = 1.00195 (0.00190) for 1.2 % en rich -
ment with a bare cy lin dri cal re ac tor of ra dius 68.05 cm
and height 365.80 cm. The fea si ble so lu tion for an op -
ti mal is thus the range 1.1-1.2 % en rich ment in the first
zone.

Two-group crit i cal ity pairs found from eq. 10(b)
are given in tab. 2 along with the rel a tive crit i cal
masses and cor re spond ing MCNP sim u la tions for 500
neu trons per cy cle for 500 cy cles and 10 skip cy cles.

As sum ing that the max i mum avail able en rich -
ment is 1.14 %, the min i mum rel a tive crit i cal mass
found is 0.9797 (508.18 kg U235).

The masses in both zones are re lated as fol lows

M
u V

u V
M2

235 1 1

2 2
1
235=

so that the rel a tive crit i cal mass (RCM) is de fined as

RCM =
+

=
+M M

M

u u

u

M

M

1
235

2
235

0
235

1
2

1

1
235

0
235

where M i
235 = mass of U235 in zone 1, ui = en rich ment in

zone 1, Vi = vol ume of zone 1, M 0
235mass of U235 in zones 

1 and 2 for 1.1 % uni form dis tri bu tion (518.7 kg).
The prob lem with in creased en rich ment in the

cen tral core is the en hanced fuel peak ing which is not
de sir able and hence, less en riched fuel is placed in the
cen tral core. The pres ent re sult is cor rect within the
lim i ta tions of the two-zone model con sid ered. Here,
the to tal mass in creases as lower en riched fuel is
placed in the cen tral core, as shown in fig. 1.

Fig ure 2 shows the ther mal fluxes ob tained from
MCNP for three cases viz 1.1 % uni form en rich ment, and 

small per tur ba tions: 1.07 %-1.3 % and 1.13 %-1.04 %
en rich ments show ing clearly the flat ten ing of the ther mal 
flux with a lower in ner zone en rich ment.

The crit i cal ity pairs can be com puted from
MCNP sim u la tions by car ry ing out runs for each case
which is clearly computationally ex pen sive. This can
be avoided by us ing the per tur ba tion ca pa bil ity of
MCNP5 [11] for sam pling first- and sec ond-or der de -
riv a tives in a two-term Tay lor se ries which can be used 
to es ti mate keff for per tur ba tions in the en rich ment in
terms of a ref er ence keff (uo)

k u k u
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This for mu la tion is suit able for op ti mi za tion anal -
y ses which re quire the abil ity to es ti mate the ef fect of
small changes such as in ma te rial den sity or ge om e try.

Thus, the first de riv a tives is com puted as

c
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k u k u
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and the sec ond de riv a tive as
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Ta ble 1. Two-zone en rich ment pairs for crit i cal ity

umax/u1 0.71 0.9 1.1 1.2

umin/u2 1.54 1.27 1.1 1.01

uav 1.13 1.09 1.1 1.13

MCNP 0.96760
(0.00397)

0.96538
(0.00190)

1.00422
(0.00192)

1.03035
(0.00169)

Ta ble 2. Crit i cal pairs, rel a tive crit i cal mass, MCNP runs

Zone 1
DTPMP MCNP

(500 1 10 500)*umin [%] RCM

1.14 1.040 0.9797 1.00982
(0.00104)

1.13 1.042 0.9869 1.00950
(0.00097)

1.12 1.053 0.9869 1.00628
(0.00101)

1.11 1.067 0.9914 1.00447
(0.0010)

1.10 1.087 1.0 1.00419
(0.00191)

* (500 1 10 500) – means 500 neu trons sim u lated with an
...eigenvalue guess of 1 for 500 cy cles with 10 skip cy cles

Fig ure 1. Min i mum crit i cal mass for a two-zone re ac tor

Fig ure 2. Ther mal flux shape in re ac tor
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where (dk/du)(1,2) are the quan ti ties es ti mated from
first- and sec ond-or der de riv a tives, re spec tively. Since 
the va lid ity of per tur ba tion the ory is lim ited to small
per tur ba tions, the ref er ence con di tion is im por tant for
a crit i cal ity search in a close neigh bour hood. Such a
ref er ence is used from the variational re sults of tab. 1.

The first and sec ond de riv a tives are es ti mated as
0.2563 and –0.2889 for zone 1, and 0.0800 and
–0.0857 for the sec ond zone, re spec tively. These are
used to pre dict keff for en rich ment per tur ba tions shown 
in fig. 3(a). Thus, an in crease in fuel en rich ment in
zone 1 is bal anced by a de crease in en rich ment in zone
2 so that the net ef fect gives keff~1 which leads to the
crit i cal ity pairs pre dicted as shown in fig. 3(b).

The re sults are ac cu rate to within 1 % while the
com pu ta tional ef fort is re duced due to de riv a tives col -
lected in a sin gle run.

Fur ther, the good ref er ence con di tion pro vided
by pre lim i nary vari a tion re sults show that es ti mates
from both first- and sec ond-de riv a tives, la belled FS
for zones 1 and 2 in fig. 3(a), are only slightly better
than the first de riv a tive es ti mates, la belled F.

The pre vi ous anal y sis can readily be ex tended to
three zones for which Pontryagin's Max i mum Prin ci -
ple gives a umin, umax, umin which agrees better with
Goertzel's con di tion for flat ther mal flux, as be ing the
con di tion for min i mum crit i cal mass ac cord ing to dif -
fu sion the ory. The re sults for the two-zone case are to
il lus trate the variational for mu la tion which gives a
max i mum value for the Hamiltonian (eq. 7) for a umax,
umin con fig u ra tion.

EX AM PLE 2: NON-UNI FORM
DEN SITY IN A FIXED SOURCE SYS TEM

Sim i lar to the pre vi ous ex am ple, in a fixed-source 
nu clear sys tem, non-uni form ma te rial den sity may be
con sid ered for both el e ments and mix tures (with con -
stit u ent el e ments) with the ob jec tive of in creas ing some
re ac tion rate or de creas ing the size of the sys tem. For
such an op ti mi za tion prob lem, it would be de sir able to
ob tain the op ti mal ma te rial dis tri bu tion. Such a prob lem 
could use the con tin u ous form of the variational for mu -
la tion. With Rk k=< å >,f  and = ºå N x u xkk ( ) ( )s sk
the Lagrangian is

L =< > + < >+u Mx
T Ts f f f, , $ (11)

with an ob jec tive to ob tain the op ti mal dis tri bu tion u*
by seek ing first-or der vari a tions for a stationarity con -
di tion.

With vari a tions in u, ,f f+ and $M and re quir ing
the vari a tions in the trial func tions to be zero in the do -
main (ex clud ing the bound ary) we get for slab ge om e -
try

$ ( ) ,L u x r1 1 1 2 0+ + ++ =f s f (12a)

$ ( )L u x x2 21 0+ + + =f s (12b)
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The pre vi ous formula are solved to give the
fluxes

f g g
1 1 2

1 1( ) ( ) ( )x A Au x x u x x= +ò - òe ed d (13a)

  f vfg g
2 3 4 1

2 2( ) ( )( ) ( )x A A xu x x u x x= + +ò - òe ed d (13b)
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Fig ure (3a). Per tur ba tion es ti mates for keff

Fig ure (3b). Crit i cal ity pairs pre dicted by per tur ba tion
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Equa tions 13(a)-13(d) can be in serted in eq. 12(c) to 
get the op ti mal dis tri bu tion u*(x).

In the test prob lem, a slab of wa ter thick ness 20
cm is con sid ered with a unit source of en ergy cor re -
spond ing to group 1. In this case the con trol vari able is
the num ber den sity N(x) sub ject to the con straint of
fixed to tal ma te rial. The per for mance in dex is the (n, g) 
re ac tion rate R N x x xH n a

b
( , ) ( ) ( )g f= ò 2 d  in wa ter and it

is in ves ti gated whether the change in ma te rial dis tri -
bu tion re sults in an op ti mum PI. The bound ary con di -
tions are thus

J x D
x

S
1 1

1

0
0

2
( )= = - =

d

d

f

and
f f f1 2 20 0( ) ( ) ( )x L x x L= = = = = =

Val i da tion is car ried out by com put ing
two-group fluxes for ma te rial den sity uni form, lin -
early in creas ing and lin early de creas ing as shown in
fig. 4.

For the previous three cases, re sults are shown in 
fig. 5 where the grad ual rise, then fall, in the group-2
fluxes is seen.

Fig ure 5 shows the ef fect of the den sity on group
fluxes. It is seen that both 'move to wards the right' for

the case of lin early in creas ing ma te rial dis tri bu tion.
These are com pared with dif fu sion the ory re sults
shown in fig. 6.

All three cases are shown in fig. 7 (dif fu sion the -
ory fluxes), where the left and right shift of the de -
creas ing and in creas ing den si ties is seen.

Cor re spond ing to the three cases, the PI is shown 
in fig.  8 with the trend men tioned ear lier, i. e., a grad -
ual shift to wards the right for lin early in creas ing den -
sity.

To es ti mate the cur rents and sub se quent doses,
MCNP5 sim u la tions were car ried out for a slab (20 cm
´ 10 cm ́  10 cm) con tain ing wa ter, with a 1 MeV neu -
tron source in ci dent on the left face (along the +x-axis)
of thick ness of 20 cm. The front and back sur faces
were con sid ered to be re flect ing sur faces. The quan ti -
ties tal lied with MCNP5 were i- cur rents (neu tron F1:n 
and pho ton F11:p tal lies) emit ted from the right face of 
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Fig ure 4. Ma te rial den sity dis tri bu tion con sid ered for
uni form dis tri bu tion, lin early de creas ing and lin early
in creas ing dis tri bu tion

Fig ure  5.  Neu tron  fluxes  with  MCNP5  in  group  1 (E >
>.5 eV) and group 2 (E £ 5eV), and (n, g) re ac tion rate in
wa ter; < fi > is the zone-av er aged neu tron flux  in en ergy
group i; sub scripts o, d, u re fer to uni form-den sity, lin -
early de creas ing, lin early in creas ing den sity

Fig ure 6. Neu tron fluxes with two-group dif fu sion the ory 
com pared  with  MCNP  in  group  1  (E > 5eV) and group
2 (E £ 5 eV)



the slab, ii- dose equiv a lents in Sieverts (neu tron and
pho ton us ing dose equiv a lent fac tors), and iii- the re -
ac tion rates RH(n, g) in cells of thick ness 2 cm each in
two en ergy bins (E1 £ 5 eV and 5 eV £ E2 £ 1 MeV).
The  re sults  for  NPS = 105 with a PHYS:P cut off at
100 keV (PHYS:P 100 1 1) which took 5.14 min utes
on an Intel(R) Core i7-2620M CPU at 2.70 GHz 32 bit
op er at ing sys tem, are given in tab. 3.

Since  1  Sv  =  100  rem,  the  neu tron  dose  is
~6.3×10–9 rem h–1 for 1 source neu tron per sec ond; thus 
a neu tron source of 108 s–1 would re sult in a (trans mit -

ted) neu tron dose of 63 mrem h–1 com pared with  the 
ICRP rec om mended max i mum of 20 mSv per year (2
rem per year or 0.22 mremh–1). With out a wa ter shield, 
a per son at a dis tance 22 cm away would be re ceiv ing
about 1000 times more i. e., ~ 63 remh–1.

The re ac tion rate RH(n, g) from the F14:N tally is
2.94552×10–4  (0.0034) cm–3;  the  to tal  vol ume  is
2200 cm3 and thus RH(n, g) = 0.6480 re ac tions per
source neu tron per second. Thus, for a source 108 neu -
trons per second, as sum ing one g pro duced per ra di a -
tive cap ture, the g pro duc tion in the wa ter slab would
be 0.6480×108 gammas per second. Less than 1% of
these would be pro duced from group 1 (high en ergy)
cap tures; thus the re ac tion rate is al most en tirely from
group 2 (lower en ergy) as ex pected from nu clear
cross-sec tion data.

It is seen from the MCNP5 re sults, in tab. 4, that a
lin early de creas ing den sity dis tri bu tion (sub ject to con -
straint  of fixed avail able ma te rial) gives an in crease of
~4 % in the gamma pro duc tion and ~1 % in crease in the
trans mit ted pho ton cur rent and no sig nif i cant in crease
(~<1 %) in the trans mit ted neu tron cur rent, com pared
with the uni form case. Out of all three, the de creas ing
den sity case leads to (a slight) en hanced pho ton pro duc -
tion with en hanced trans mit tance.

Ex act so lu tions were ob tained for the two-group
neu tron fluxes, eq. 13(a) and eq. 13(b), for three cases
viz  u(x) = const., u(x) ~ 1/x, and u(x)~x. 

The group con stants used for wa ter are listed in
tab. 5. In the pres ent work, the data was ob tained by us -
ing a cor rec tion fac tor in which s sr tr, , ,2 2  were mod i -
fied to 0.5004 b and 90 b from 0.58869 b and 99.185 b,
re spec tively, taken from Lamarsh and Barrata [17].

The mo lec u lar den sity of wa ter in 3.3461×1022

mol e cules per cm3 and, for case i (uni form den sity),
the mean free paths are 2.9688 cm and 0.1107 cm, re -
spec tively, with D1 = 1.13 cm, L1 = 5.1961 cm, D2 =
=.0.1107 cm, L2 = 2.5711 cm, t ~ 27 cm2 and dif fu sion
area ~6.61 cm2. Fur ther, to match DT and Monte Carlo
re sults for the PI for case i (uni form dis tri bu tion), sng  = 
=.87.475 b.

Since MCNP5 does not have op tions to gen er ate
group cross-sec tions [18], these two-group cross-sec -
tions can be ob tained by us ing group fluxes fi and as -
so ci ated re ac tion rates <sxf>(where the in ner prod uct
<…> im plies in te gra tion over the en ergy group of in -
ter est), and set ting the group cross-sec tion, for group i, 
as s s f fix

i
x

( ) /=< > .
The ex ist ing meth od ol ogy for ob tain ing

multi-group cross-sec tions is based on read ing ENDF
pointwise cross-sec tion data, by pro cess ing codes such
as   NJOY (LANL) and MC2-3 (ANL)  to pro duce
binned cross-sec tions for use in multi-group de ter min -
is tic codes. This is achieved by the group flux-weight -
ing men tioned above and ac count ing for res o nances
and self-shield ing.

The PI's for cases i-iii are
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Fig ure 7. Neu tron fluxes with two-group neu tron
dif fu sion the ory in group 1 (E > 5eV) and group 2
(E £ 5 eV) in a slab of wa ter with uni form, lin early
de creas ing and lin early in creas ing den sity

Fig ure 8. Per for mance in dex with two-group neu tron
dif fu sion the ory in group 1 (E > 5eV) and group
2 (E £  5 eV)

Ta ble 3. Trans mit ted neu tron and pho ton dose

F1:N F2:N (Dose) F1:P F2:P (Dose)

Neu trons Sv Pho tons Sv

1.67067 ´ 10–2

(0.0177)
4.10858 ´

10–15 (0.0562)
1.6866 ´ 10–1

(0.0085)
1.6222 ´ 10–14

(0.0123)
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Val ues of the PI from eqs. 14(a)-14(c) are given
in tab. 6.

For the uni form case, the DT ex act re sult
matches well with the MCNP es ti mate RH(n,g) =
=.0.6480 re ac tions per source neu tron per second, us -
ing the ra di a tive cap ture cross-sec tion sng =87.475 b.
Fur ther, the PI val ues for the the o ret i cally lim it ing
cases con sid ered (cases ii and iii) show a rel a tive de -
crease of about 2 % from the uni form dis tri bu tion case. 
These es ti mates can be used to show, that there is only
a very slight de pend ence of PI on the ma te rial dis tri bu -
tion in this prob lem. How ever, the spa tial dis tri bu tion

of the PI is seen to be de pend ent on the dis tri bu tion of
the ma te rial.

A sit u a tion of more prac ti cal sig nif i cance is for
mix tures of ma te ri als, where the op ti mal ra tio of con stit -
u ent el e ments is ob tained, as for the en rich ment in mul ti -
ply ing sys tems de scribed in the pre vi ous sec tion. Such
ap pli ca tions arise for the ra di a tion shield ing sur round ing
nu clear sys tems. The size and de sign of such shields de -
pends on the in ten sity and en ergy of the ra di a tion as well
as the ma te rial of the shield. Neu tron shields are more ef -
fec tive and thus smaller in size, when the hy dro gen con -
tent, as in wa ter, is high while for pho tons, high atomic
num ber ma te ri als such as iron and lead are pre ferred. The 
de sign pro ceeds along the fol low ing logic: slow the neu -
trons, then ab sorb, and fi nally ab sorb the gammas pro -
duced by the slowed neu trons (as in the H(n, g) re ac tion
es ti mated in the pre vi ous sec tion). A typ i cal shield would 
thus con sist of a hy drog e nous or light atomic num ber
ma te rial fol lowed by a neu tron ab sorber, such as bo ron,
fol lowed by a gamma shield. As an ex am ple, the
half-value thick ness of lead (Z = 82) for 1.0 MeV gamma
ra di a tion is ~0.76 cm which is half that of iron, which is
about three times less than con crete while wa ter is least
ef fec tive of all these. Thus, for the last layer, lead would
be thought to be the best choice.

Mul ti lay ered con crete shields

The de sign of mul ti lay ered con crete with ag gre -
gates (mainly gravel) is bound to gether by ce ment
(mainly lime or cal cium ox ide, sil ica alu minium ox ide)
and wa ter into a hard stone-like ma te rial with the re -
quired strength for struc tures such as build ings, bridges,
roads etc. The rel a tive com po si tion of its con stit u ents can 
be var ied to pro vide the re quired me chan i cal e. g., the
strength of con crete var ies in versely with the mass ra tio
of wa ter to ce ment. While Type 04 ap pears to be rep re -
sen ta tive [19] with r = 2.35 gcm–3, high-den sity con crete 
is made by mix ing ad di tives like scrap metal and mag ne -
tite. Piotrowski et al. [20] have car ried out sim u la tions
for 25 cm thick wall of con crete of vary ing com pres sive
strength to find that the ef fec tive dose be hind the shield
de creases up to 44 % as the com pres sive strength in -
creases from 30 MPa (4351 psi) to 60 MPa (8702 psi)
with wa ter-ce ment (w-c) ra tio 0.72 to 0.31. In other stud -
ies [21] the ef fect of bo ron in con crete has been stud ied to 
find that the op ti mal mix ture of ther mal neu tron shield -
ing con crete has a wa ter-ce ment ra tio of 0.38, ce ment
con tent of 400 kgm–3, a vol ume frac tion Cole man ite ag -
gre gate of 50 % and sil ica fume-ce ment ra tio of 0.15.
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Ta ble 6. Com par i son of PI for vary ing N(x)

N (x) PI

Lin. Dec. 0.63651

Uni form 0.64801

Lin. Inc. 0.63651

Ta ble 5. Two-group cross-sec tions

Data/Group 1 2

sr [b] 1.2508 0.5004

str [b] 8.8158 90

Ta ble 4. Tal lies for vary ing ma te rial dis tri bu tion

N(x) F1:N Dose [Sv] (n, g) avg [cm–3s–1] F1:P

De creas ing 1.72933×10–2 (0.0174) 4.89229×10–15 (0.0580) 3.03990×10–4 (0.0033) 1.74480×10–1 (0.0084)

Uni form 1.71458×10–2 (0.0175) 4.25899×10–15 (0.0563) 3.00075×10–4 (0.0033) 1.71930×10–1 (0.0084)

In creas ing 1.65803×10–2 (0.0180) 4.84695×10–15 (0.0605) 2.98457×10–4 (0.0033) 1.69710×10–1 (0.0085)



Sim i larly, the ef fect of an other strong ab sorber, gad o lin -
ium, has been stud ied [22] to find that in con crete Gd
con tent up to 10 at.% con crete com pos ite (10 cm × 5 cm
thick) shield ing ef fi ciency of around 86 %). For
multi-lay ered iron-wa ter shields [23] the op ti mum ar -
range ment re ported is the thick iron-wa ter-thin iron con -
fig u ra tion, rather than a ho mo ge neous mix ture of iron
and wa ter lay ers. Op ti mi za tion for shields has also been
used with Ge netic Al go rithms [24] for the search for an
op ti mal ra di a tion shield con fig u ra tion sub ject to a given
set of con straints. A num ber of in no va tions such as
nanomaterials in con crete have also been in ves ti gated
[25].

Multi-lay ered de tec tor shields

An other prob lem of prac ti cal ap pli ca tion, is for
de tec tion sys tems for ma te ri als' iden ti fi ca tion by ther -
mal neu tron ac ti va tion [26]. For such sys tems,252Cf
has been used as a neu tron source with emis sions of
2.4×1012 s–1 g–1. In de tec tors, es pe cially por ta ble de tec -
tion sys tems, size and weight are cru cial and hence an
op ti mal de sign is of par a mount im por tance. Light
weight hy drog e nous ma te ri als such as poly eth yl ene,
par af fin and wa ter are thus good can di dates for neu -
tron shield ing com pared with heavy ma te ri als such as
steel and lead.

The variational for mu la tions pre sented are
readily ap pli ca ble for ob tain ing op ti mal ra di a tion shield 
de signs for the above cases.

CON CLU SIONS

In the first il lus tra tive ex am ple for variational
ap pli ca tion in Monte Carlo, a two-zone optimality
anal y sis yielded the con di tion for min i mum crit i cal
mass with max i mum fuel en rich ment in the cen tral
zone and min i mum en rich ment in the outer zone. This
in for ma tion was used in a de tailed Monte Carlo sim u -
la tion which, in a sin gle run, es ti mated first- and sec -
ond-de riv a tives for pre dic tion of keff for en rich ment
per tur ba tions in both zones. These pre dicted es ti mates
were sub se quently used to es ti mate the min i mum con -
di tion which was pre dicted to within 1 % of the re-run
es ti mate, clearly dem on strat ing the ben e fit of us ing a
variational es ti mate for com pu ta tional en hance ment
of an elab o rate MCNP sim u la tion. Such an ap proach
can, in prin ci ple, be used for larger prob lems.

In the sec ond il lus tra tive ex am ple, a con tin u ous
variational for mu la tion was at tempted to es ti mate the
ben e fit of a non-uni form den sity dis tri bu tion for a sin -
gle ma te rial. It was found that an ex act so lu tion was
not achiev able and re course would again be re quired
for a dis crete ap proach, as in the first ex am ple. How -
ever, it was pos si ble to es ti mate the per tur ba tion re -

sult ing from non-uni for mity. The ap pli ca tion of this
ap proach to the de sign op ti mi za tion of ra di a tion
shields was dis cussed.

Both ex am ples il lus trate the ad van tage in us ing
pre lim i nary variational re sults from two-group dif fu -
sion equa tions, as an ini tial guess in a MC per tur ba tion
strat egy to yield re li able es ti mates.

NO MEN CLA TURE

b – barn (10–28m2)
Di – dif fu sion co ef fi cient for group i
H – Hamiltonian
i – en ergy group in dex
k4 – in fi nite mul ti pli ca tion fac tor
u – con trol vari able
u' – en rich ment
J – cur rent, Ji = –DiÑfi

L – slab width
Li – dif fu sion length for group i
$Li – dif fer en tial op er a tor for en ergy group i
L+ – adjoint op er a tor
M – mo lec u lar (atomic) weight
$M – two-group op er a tor

N – atomic den sity
NT – to tal num ber of at oms (=NV)
No – rNav/M
Nav – Avo ga dro's num ber (6.023 1023 at oms/g-atom)
p – res o nance es cape prob a bil ity
Rk – re ac tion rate for re ac tion type k
V – vol ume

Greek symbols

l – Lagrange mul ti plier

L – Lagrangian

r – gram den sity

sk – mi cro scopic cross-sec tion for re ac tion k

t – neu tron age

fi – neu tron flux for en ergy group i

fi
+

– adjoint flux (Lagrange mul ti plier)

S1 – mac ro scopic scat ter ing cross-sec tion (group 1)

S2 – mac ro scopic ab sorp tion cross-sec tion (group 2)

Sk – mac ro scopic cross-sec tion for re ac tion k

s,1 2®å            – mac ro scopic scat ter ing cross-sec tion
grp 1 -> 2

Ab bre vi a tions

DT – dif fu sion the ory
DTPMP – dif fu sion the ory Pontryagin
                  max i mum prin ci ple
ENDF       – Eval u ated Nu clear Data File
F1:N/P       – cur rent tally for neu trons/pho tons
F2:N/P       – sur face flux tally for neu trons
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ICRP       – In ter na tional Com mis sion on Ra dio log i cal
..........Pro tec tion

NPS       – num ber of par ti cles sim u lated
PI        – per for mance in dex
PMP       – Pontryagin max i mum principle
rem       – Roent gen equiv a lent man (tra di tional unit)

AU THORS' CON TRI BU TIONS

The math e mat i cal mod el ing for variational and
per tur ba tion in the re ac tor core was car ried out by Z.
Koreshi and H. Khan, while the variational mod el ing
for fixed-source was car ried out by all three au thors.
Re search was re viewed by all three au thors.
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VARIJACIONI  METODI  I  UBRZAWE  MONTE  KARLO  PRORA^UNA 
PERTURBACIJA  RADI  OPTIMALNOG  DIZAJNA  NUKLEARNIH  SISTEMA

Potraga za optimalnom raspodelom materijala u nuklearnom sistemu radi
maksimizacije funkcije odziva od interesa, tema je od zna~aja u oblasti nuklearnog in`ewerstva.
Neki od primera su optimalna raspodela goriva u jezgru nuklearnog reaktora kako bi se ostvarilo
uniformno sagorevawe kori{}ewem minimuma kriti~ne mase, ili primena kompozitnih
materijala sa optimalnom sme{om gradivnih elemenata u detektorskim sistema ili u za{titi od
zra~ewa. Varijacione metode korisne su za ovakve prora~une, ali su kori{}ene samo za
pojedina~ne analize ~esto ograni~ene na idealizovane modele, dok su za detaqnije projektovawe
bile potrebne kompjuterski zahtevne Monte Karlo simulacije nepodobne u iterativnim
optimizacionim {emama. Ova inherentna mana Monte Karlo metoda promewena je sa razvojom
perturbacionih algoritama, ali je wihova efikasnost i daqe zavisna od referentne
konfiguracije za koju se metoda pogodi-i-probaj ~esto koristi. U prvom ilustrativnom primeru u
ovom radu, ispituje se ubrzawe prora~una za golo cilindri~no jezgro reaktora, dobijeno primenom
varijacionog rezultata kako bi se poboq{ala efikasnost prora~una Monte Karlo simulacija
optimizacije dizajna. U drugom primeru, prikazan je uticaj neuniformne gustine materijala u
fiksno pozicioniranom izvoru, koji je primewiv za prora~un optimalnog moderatora i za{titu od 
zra~ewa. Iako su upotrebe ovog pristupa brojne, ciq ovog rada je da prika`e preliminarne
varijacione rezultate kao ulazne podatke za razradu stohasti~ke optimizacije Monte Karlo
simulacija za velike i realne sisteme.

Kqu~ne re~i: varijacona metoda, optimalna raspodela, Monte Karlo perturbacija, nuklearni
..........................sistem, minimalna kriti~na masa


