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Ef fi ciency cal i bra tion, i. e. de ter mi na tion of de tec tion ef fi ciency, ep, is a cru cial is sue in gamma
spec trom e try (quan ti fi ca tion of gamma spec tro scopic mea sure ments) with semi con duc tor
and scin til la tion de tec tors. Com par ing three pos si ble ways to ad dress ing the prob lem – rel a -
tive, ab so lute and semi em pir i cal – ad van tages of the lat ter are em pha sized. Among semi em -
pir i cal mod els, ef fi ciency trans fer us ing ef fec tive solid an gles, W,  is sorted out and briefly elab -
o rated. This ap proach re duces the prob lem of ef fi ciency cal i bra tion to the de ter mi na tion of 
W. It proved re li able and has been broadly used in prac tice, mainly in the form of the long ex -
ist ing AN GLE soft ware. Pro gress ing fur ther, a gen er al ized math e mat i cal for mula for cal cu -
la tions is de vel oped – first of the kind – of fer ing an op por tu nity for ad vanced ap pli ca tions of
gamma spec trom e try. The for mula en ables un lim ited flex i bil ity in ap pli ca tion, as it con ve -
niently sep a rates the source data from the de tec tor data dur ing the in te gra tion pro ce dures (W
cal cu la tions). Its prac ti cal ity is dem on strated for a num ber of typ i cally en coun tered count ing
ar range ments, as well as for some ex otic ones. The rel e vant for mu lae are used in PC cal cu la -
tions and nu mer i cal test ing is fur ther per formed so as to check the va lid ity of the math e mat i -
cal method and the com puter code. Care was taken of the op ti mi za tion of com plex nu mer i cal
pro ce dures em ployed (in volv ing five fold nu mer i cal in te gra tion), so as to keep com pu ta tion
times as low as pos si ble (in or der of min utes or even sec onds on or di nary PC). Re sults ob -
tained are af fir ma tive for both the method and the code. The model will be grad u ally in cor po -
rated into AN GLE soft ware, thus mak ing it readily avail able for rou tine use by gamma spec -
trom e try com mu nity.
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IN TRO DUC TION

Forty years have passed since the ad vent of
semi con duc tor de tec tors and their sub se quent in tro -
duc tion into an a lyt i cal prac tice, and even sev enty from 
the scin til la tion ones; quan ti fi ca tion of gamma spec -
tro scopic mea sure ments is still a chal leng ing task, for
which no def i nite/gen eral prac ti cal so lu tion is avail -
able so far. Given the fact gamma spec tros copy is one
of the two most widely ap plied tech niques in nu clear
sci ences, ap pli ca tions and in dus try (the other one be -
ing ra di a tion do sim e try), that speaks on its own about
the im por tance of the topic.

For clar ity pur poses let us first dis tin guish spec -
tros copy as qual i ta tive, and spec trom e try as quan ti ta -
tive anal y sis of gamma and/or X-ray emit ting (i. e.

spec tro scopic) sam ples/sources. Here qualitative
means de ter min ing which radionuclides are pres ent in
the sam ple and quan ti ta tive in what quan ti ties (i. e.
con cen tra tions) they are pres ent. In other words, spec -
trom e try means quan ti fi ca tion of spec tro scopic mea -
sure ments. Un for tu nately, these two terms are of ten
in dis crim i nately/exchangeably used in lit er a ture,
which may con fuse the reader, es pe cially a new comer
to the field.

A gamma spec trum is col lected dur ing a spec tro -
scopic mea sure ment (count ing) by a gamma spec tro -
scopic sys tem, which ba si cally con sists of a de tec tor,
cou pled with multi chan nel an a lyzer, and sup port ing
elec tron ics. Here the term de tec tor en com passes
mainly semi con duc tor and scin til la tion ones, as the
vast ma jor ity of gamma de tec tors in use now a days be -
long to these two cat e go ries.
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Spec trum here rep re sents a dis tri bu tion of reg is -
tered pho ton in ter ac tions (within the de tec tor ac tive
body) vs. pho ton en ergy. Radionuclides are eas ily dis -
tin guished by their char ac ter is tic (fin ger print) spec tra
of gamma and X-rays, en abling nu clide iden ti fi ca tion
from readily avail able nu clear data li brar ies. Spec tro -
scopic anal y sis is thus re duced to en ergy cal i bra tion of
the sys tem/de tec tor used, which is a pretty sim ple,
even triv ial task.

Spec tro met ric anal y sis is about con vert ing the
num ber of counts (col lected in full en ergy peaks in the
spec trum) into the ac tiv i ties of the cor re spond ing
radionuclide(s) pres ent in the sam ple (source). Spec -
trom e try ba si cally goes about ef fi ciency cal i bra tion
for the given count ing ar range ment (count ing ar range -
ment be ing the en sem ble of the de tec tor, source with
its con tainer, and all gamma in ter cept ing/ab sorb ing
lay ers in be tween). Ef fi ciency cal i bra tion can be sim -
ple in some par tic u lar cases (e. g. due to sym me try of
the count ing ar range ment), but in prin ci ple it is not – in 
fact on the con trary, it is a com plex prob lem, for which
no  gen eral  so lu tion  has  been  pro vided up to now; see 
e. g. clas sic ra di a tion de tec tion text books [13]. Huge
and ever grow ing ev i dence in sci en tific pa pers are tes -
ti mony to the ef forts be ing con tin u ously paid to this
aim by the gamma spec tro met ric com mu nity.

There are, in prin ci ple, three ap proaches to ef fi -
ciency cal i bra tion of semi con duc tor and scin til la tion
de tec tors [4]:

(1) Rel a tive, where one tries to im i tate as much
as pos si ble the source by a stan dard (or vice versa)
while keep ing the same count ing con di tions for the
two. Paid enough care, the re sult is, in gen eral, so ac -
cu rate that can not be sur passed by other meth ods.
How ever, gamma spectrometrists know too well what
enough care means in prac tice. Com bined with the ut -
most in flex i bil ity in re spect with vary ing source and
con tainer pa ram e ters (shape, di men sions, ma te rial
com po si tion, po si tion ing), this rep re sents rai son
d’être of the other ap proaches, which fol low.

(2) Ab so lute cal cu la tions are purely math e mat i cal 
ap proaches, with no sup port ing ex per i men tal ev i dence
what so ever for the de tec tor re sponse. These are usu ally
vari a tions of Monte Carlo (MC) meth ods. The MC are
es sen tially sta tis ti cal treat ments of the events which
pho tons un dergo  – from be ing emit ted by a source atom 
un til the in ter ac tion with the de tec tor ac tive body – in -
clud ing the treat ment of the so pro duced elec trons, pos i -
trons and other sub se quent en ergy car ri ers.

The ab so lute ap proach is beau ti fully ex act, with
the con di tion that we con sider a suf fi ciently large
num ber of in ci dent pho tons, and that we know the de -
tails about (1) source, de tec tor and in ter cept ing lay ers'
geo met ri cal/compositional data, (2) the cor re spond -
ing pho ton at ten u a tion co ef fi cients, (3) en ergy and an -
gle de pend ent cross sec tions for var i ous pho ton in ter -
ac tions with the de tec tor ac tive body, and (4)
pa ram e ters char ac ter iz ing elec tron/pos i tron be hav ior
in the lat ter.

In prin ci ple, un sat is fac tory man u fac tur ers' de -
tec tor spec i fi ca tions and rel a tively poor knowl edge of
(many of) the previous phys i cal pa ram e ters turn out to
be the lim it ing fac tors for its ap pli ca bil ity. In her ent
sta tis ti cal un cer tainty of MC meth ods is a draw back as
well. How ever, with ever speed ing up of com put ers,
and with more ac cu rate de tec tor spec i fi ca tions and
cross-sec tion data (the de ter mi na tion of which is, on
its turn, re lated to more care ful and so phis ti cated mea -
sure ments), it is rea son able to as sume that time works
for ab so lute meth ods, and that in fu ture they might be -
come the dom i nant ones.

(3) Semi em pir i cal mod els, try ing to con cil i ate the 
pre vi ous two. Semi em pir i cal mod els com monly con -
sist of two parts: (1) ex per i men tal, pro duc ing one kind
or an other of ref er ence ef fi ciency char ac ter is tic of the
de tec tor (de tec tor re sponse) and (2) rel a tive to this cal -
cu la tion of ep. The in flex i bil ity of the rel a tive method is
avoided this way, as well as the de mand for some phys i -
cal pa ram e ters needed in ab so lute cal cu la tions.

Nu mer ous vari a tions ex ist within semi em pir i cal 
ap proach, with em pha ses ei ther on ex per i men tal or on
cal cu la tion/com pu ta tional part. How ever, most of
these sim plify (or over sim plify) the phys i cal model
be hind, i. e. the treat ment of (1) gamma at ten u a tion,
(2) count ing ge om e try, and (3) de tec tor re sponse.
Moens et al. [5] showed that only the si mul ta neous dif -
fer en tial treat ment of these three fac tors is es sen tially
jus ti fied – any sim pli fi ca tion would mean that the ex -
act ness of the ap proach would be com pro mised. This
fact is trans formed into the con cept of the ef fec tive
solid an gle, W, a cal cu lated value in cor po rat ing the
three com po nents, and closely/sim ply re lated to de tec -
tion ef fi ciency (see fur ther) – by de ter min ing W one
prac ti cally de ter mines ep. Cal cu la tion of ef fec tive
solid an gles can, there fore, be con sid ered as the key to
quan ti ta tive gamma spec trom e try.

A few hundred thou sand gamma spec tro met ric
sys tems are in op er a tion now a days world wide. The
ma jor ity of these are used for spec tro scopic pur poses
(i. e. qual i ta tive anal y ses) only; the re main der is used
for spec trom e try (quan ti fi ca tion) as well. Among the
lat ter, the rel a tive ap proach is still the most ex ploited
one, per haps just be cause of the in er tia in work. With
due re spect for the qual ity of re sults ob tained by the
rel a tive method, this is a de plor able fact: by re ly ing ex -
clu sively on rel a tive method, ex pen sive equip ment in
the labs and pre cious hu man re sources are used far be -
low their po ten tial.

THE O RET I CAL

The ef fec tive solid an gle and
ef fi ciency trans fer

Given a gamma source (S) and a gamma de tec tor 
(D), fig. 1, the ef fec tive solid an gle is de fined as [46]
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where VS is the source vol ume and SD = de tec tor sur -
face ex posed to the source (vis i ble by the source).

Here T is point vary ing over VS, P point vary ing
over SD, and 

r
n the ex ter nal unit vec tor nor mal to in fin i -

tes i mal area ds at SD. Equa tion (1) is thus a five fold in -
te gral. Fac tor Fatt ac counts for gamma at ten u a tion of
the pho ton fol low ing the di rec tion TP

®
 out of the de tec -

tor ac tive zone, while Fatt de scribes the prob a bil ity of
an en ergy degradable pho ton in ter ac tion with the de -
tec tor crys tal (i. e. co her ent scat ter ing ex cluded), ini ti -
at ing the de tec tor re sponse. The two fac tors in clude
there fore geo met ri cal and compositional pa ram e ters
of the ma te ri als tra versed by the pho ton.

With ep be ing pro por tional to W the de tec tion ef -
fi ciency is found as

e ep p, ref
ref

=
W

W
(2)

where in dex ref de notes ref er ence count ing ge om e try
to which the ac tual one is rel a tive. This is ba si cally the
ef fi ciency trans fer [7-10] us ing ef fec tive solid an gles;
it can thus be ad dressed as ET-W method for de tec tion
ef fi ciency cal i bra tion/de ter mi na tion.

Note that the above ep vs. W pro por tion al ity holds
un der the con di tion that peak to to tal ra tio (P/T) is an in -
trin sic char ac ter is tic of the ac tual de tec tor – fairly con -
stant and de pend ent on gamma en ergy only. This is gen -
er ally as sumed to be the case [5, 11-15], but cau tion is
called upon not to ex ag ger ate/over reach with its ap pli -
ca bil ity, es pe cially with low gamma/X-ray en er gies and 
ex tended ge om e tries. From the other side, at tempt ing
ex act treat ment of P/T vari a tions for a given de tec tor
and vary ing count ing con di tions would hugely com pli -
cate the (al ready com plex) de tec tion ef fi ciency is sue.
Ap par ently, the key words here are trade off and prac ti -

cal ity: for most gamma spec trom e try ap pli ca tions, a
few per cent un cer tain ties in ep are ac cept able and per -
ceived as a re al is tic ex pec ta tion; it should be fur ther
stressed that P/T usu ally con trib utes only a small frac -
tion of that. In en vi ron men tal ra dio ac tiv ity mon i tor ing,
for in stance, the ac cept able un cer tain ties are 5-10 %, in
waste man age ment and nu clear de com mis sion ing
10-20 % and in some ap pli ca tion even higher. A no ta ble 
ex cep tion is ra di a tion me trol ogy, where un cer tain ties
even be low 1 % may be re quested – a con di tion only
rel a tive method could re al is ti cally meet/com ply with.

So as to ap ply the ET-W method the fol low ing
should be known:
– – ref er ence ef fi ciency curve, ob tained by count ing

some known (cal i brated) source(s) at a ref er ence
po si tion, and cov er ing gamma en er gies, Eg in the
re gion of in ter est (e. g. 50-3000 keV); con sid er -
able ef fort/care should be paid in this phase to

reach ac cu rate ep,ref vs. Eg func tion, but it largely
pays off in fur ther ex ploi ta tion;

– geo met ri cal and compositional data about the
source, de tec tor and all in ter cept ing lay ers (the
lat ter in clud ing source con tainer and holder, de -
tec tor end cap and hous ing, crys tal dead lay ers,
etc.); and

– gamma at ten u a tion co ef fi cients and den si ties for
all ma te ri als in volved.

The method was orig i nally in tro duced for the
use in neu tron ac ti va tion anal y sis (k0-NAA) and was
lim ited to the sim ple case of cy lin dri cal sources co ax i -
ally po si tioned with the de tec tor, and with ra dii
smaller than that of the de tec tor [5].

Ap pli ca tion in AN GLE soft ware

Fol low ing the ex pe ri ences with post Chernobyl
(1986) mon i tor ing of ra dio ac tiv ity in var i ous types of
bulky sam ples, the method was ini tially ex panded to
large cy lin dri cal sources [16] and Marinelli type ones
[17]. The first ver sion of AN GLE soft ware, with its
char ac ter is tic user friendly graph i cal in ter face, ap -
peared in 1994; it was writ ten for DOS op er at ing sys -
tem and sup ported var i ous HPGe and Ge(Li) de tec tors 
(co ax ial, pla nar, well type) [4]. The en thu si as tic/af fir -
ma tive ac cep tance and con struc tive feed back by the
spec tro met ric com mu nity has in spired work on the
code de vel op ment to con tinue ever since, pro duc ing
nu mer ous up dates/up grades.

The lat est ver sion AN GLE 4 [18] was re leased
in 2016, fully re fur bished and in tro duc ing many new
functionalities, in clud ing (1) sup port to scin til la tion
de tec tors (in ad di tion to the ex ist ing semi con duc tor
ones), (2) dis crete ref er ence char ac ter iza tion of the de -
tec tor, (3) XML file for mat, (4) com mand line pa ram e -
ters, (5) scaled pre view (with zoom ing op tion) of the
count ing ar range ment, in clud ing all rel e vant de tails:
de tec tor, source, con tainer, in ter cept ing lay ers, and
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Fig ure 1. To the def i ni tion of the ef fec tive solid an gle, W,
eq. (1); thick line rep re sents the de tec tor sur face SD

vis i ble by the source



their po si tion ing, (6) multilanguage sup port (cur rently 
op er at ing in Eng lish, Chi nese, Rus sian, French, Jap a -
nese and Span ish), etc.

In its var i ous ver sions, AN GLE is now a days in
use in hun dreds of gamma spec trom e try based an a lyt i -
cal lab o ra to ries world wide (ref. [18]).

Math e mat i cal gen er al iza tion

Ap par ently, a gen er al iza tion of the for mula (1)
into a form which can be readily ap pli ca ble to any
prac ti cal count ing ar range ment (source, de tec tor, ge -
om e try) is not an easy math e mat i cal task. The is sue
was tack led by quite a num ber of au thors, how ever
with so lu tions bound with more or less re strain ing
con di tions. The com plex ity, yet re li abil ity of the the o -
ret i cal ap proach, fol lowed by nu mer i cal cal cu la tions
is even more prom i nent in some other ar eas of gamma
spec trom e try [19]. Our ap proach to gen er al iza tion is
one of the un lim ited flexibilities, based on sim ple
struc tur ing of in te gra tion in ter vals – over the source
vol ume (three fold in te gra tion) and over the de tec tor
vis i ble sur face (two fold in te gra tion), sep a rat ing the
source from the de tec tor in the in te gra tion pro cess, as
fol lows.

Start ing with a point source ar bi trarily po si -
tioned vs. a cy lin dri cal de tec tor [20], fig. 2, we ob tain
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where SD = S1 + S2 + S3 + S4. For a true cy lin dri cal de -
tec tor, with no edge round ing (bulletization), S3 = Æ,
thus: SD = S1 + S2 + S4 [20].

Note that the above W value for point source, eq.
(3), will fea ture as sub in te gral func tion in all sub se -
quent for mu lae for com plex sources, whereby in te gra -
tion over the source vol ume will be ad di tion ally per -
formed, with out com bin ing them within an integrand;
this is crit i cal for gen er al iza tion.

The co-or di nate sys tem is po si tioned as il lus -
trated in figs. (4-7). Since for bulletized de tec tors parts
of sur faces S1and S2 are vir tual (dashed lines in fig. 2),
func tions F1and F2can be ex pressed as
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Fig ure 2. Point source ar bi trarily po si tioned vs. the
de tec tor
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By de fin ing sub in te gral func tions F1 , F2 , and F4

in the previous man ner, in te gra tion lim its for the
source are be com ing in de pend ent of the de tec tor di -
men sions, as well as of the source po si tion ing vs. the
de tec tor. Note this was pre vi ously not the case [6] – in -
te gra tion over the de tec tor sur face rdrR

r

0

0ò  was rather in -
sep a ra ble from the in te gra tion over the source vol ume, 
which was a lim it ing fac tor for ap pli ca bil ity.

Thus, in te gra tion lim its over the source are now
in de pend ent of the de tec tor what so ever. This dis con -
nec tion, i. e. source de tec tor sep a ra tion in the in te gra -
tion pro cess is a nov elty in math e mat i cal mod el ling of
ef fi ciency cal cu la tions. Ap par ently, it has a cru cial
con se quence in en abling un lim ited flex i bil ity and
hence gen er al iza tion of the model.

As to ge om e try, source po si tion vs. the de tec tor
is de fined by the co or di nates of the point T(x0 +..., y0

+..., d +...), where x0, y0 are the source ax ial dis place -
ments (shifts) from the de tec tor in hor i zon tal (Oxy)
plane and d is ver ti cal dis tance be tween the source bot -
tom sur face and the de tec tor up per sur face (S1). It can
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Fig ure 3. Two pos si ble con fig u ra tions of the de tec tor con tact cav ity; flat (a) and rounded (b)

Fig ure 4. In te gra tion lim its for the an gle q: q0 > 0 (a). q0 < 0 (b)



be pos i tive or neg a tive, de pend ing on whether the
source bot tom sur face is above S1 or be low it.

Ap pli ca tion to some spe cific source shapes

Equa tion (3) can readily be ap plied to most sit u a -
tions en coun tered in gamma spec trom e try prac tice.
Few ex am ples con cern ing most com mon source
shapes and source vs. de tec tor po si tion ing, as well as
some not so com mon, are given be low.

Cy lin dri cal sources

For a cy lin dri cal source co ax ial with the de tec -
tor, figs. 5(a), and 5(b), eq. (3) gives
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with T(x0 + r cosj, r sin j, d + l) and x0 ax ial dis place -
ment of the source vs. the de tec tor.

For a per pen dic u larly po si tioned cy lin dri cal
source, fig. 5(c) we ob tain
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with T(x0 + l, y0 + r sinj, d + r0 + r cosj) and x0, y0 hor i -
zon tal ax ial dis place ments (in Oxy plane) of the source 
vs. the de tec tor, fig. 6.

Marinelli sources

For Marinelli type sources, fig. 7, eq. (3) yields

W= ò ò ò ò ò
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with T(x0 + r cosj, r sinj, d + l), x0 ax ial dis place ment
of the source vs. the de tec tor, and
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Fig ure 5. Cy lin dri cal source po si tioned above the de tec tor with par al lel axes (a), by the de tec tor side with par al lel axes (b),
and above the de tec tor with per pen dic u lar axes (c)

Fig ure 6. Hor i zon tal ax ial dis place ment (in Oxy plane) of
a per pen dic u larly po si tioned cy lin dri cal source vs. the
de tec tor, fig. 5(c)
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Spher i cal sources

For a spher i cal source, fig. 8, we ob tain
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with T(x0 + r siny cosy, r siny sinj, d + r0 + r cosy)
and x0 dis place ment of the cen ter of the sphere from
the de tec tor axis; var i ous pos si bil i ties of po si tion ing
are il lus trated in fig. 9.

Cuboid sources

For cuboid (rect an gu lar parallelepiped) type
sources, fig. 10, we ob tain
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with T(x0 + x, y0 + y, d + l) and x0, y0 hor i zon tal ax ial
dis place ments (in Oxy plane) of the source vs. the de -
tec tor, fig. 11.
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Fig ure 7. Marinelli type source

Fig ure 8. Spher i cal source



Com pu ta tion times

Con cern ing the prac ti cal ap pli ca bil ity, one
should bear in mind the re quired com pu ta tion times
for ef fi ciency cal cu la tions in the frame works of par tic -
u lar tasks. In prin ci ple, com pu ta tion times should be
shorter (pref er a bly much shorter) than count ing times

for the ac tual sam ples – thus, not to be a lim it ing fac tor
in lab o ra tory prac tice. This can be taken as one of the
ac cep tance cri te ria.

Al though the steady speed ing up of com put ers
(thanks to ever more pow er ful hard ware) is greatly
help ful, op ti mi za tion of nu mer i cal in te gra tion is still
crit i cal in this re spect. In the cur rent ap proach, op ti mi -
za tion was strictly taken care of, en abling com pu ta tion 
times to be kept at a rea son able/ac cept able min i mum.
With mod ern per sonal com put ers it is a mat ter of min -
utes, even sec onds – which is at least an or der of mag -
ni tude shorter than times re quired for Monte Carlo –
MC (i. e. sta tis ti cal) cal cu la tions for the same cal cu la -
tion pre ci sion. Note that cal cu la tion pre ci sion is reg u -
lated ei ther by seg men ta tion of in te gra tion in ter vals
(in nu mer i cal in te gra tion meth ods) or by the num ber
of gen er ated sta tis ti cal events (in MC meth ods) – to
the ad van tage of nu mer i cal in te gra tion. 

In the ad vanced gamma spec trom e try the pre vi -
ous fact trans forms into the pos si bil ity of per form ing
batch jobs of thou sands of ef fi ciency cal cu la tions, for
the sake of de riv ing some higher or der con clu sions. A
typ i cal ex am ple is er ror prop a ga tion study ing. For in -
stance, in a study of the im pact of de tec tor crys tal
bulletization in gamma spec tro met ric anal y ses, more
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Fig ure 9. Var i ous po si tions of a spher i cal source vs. the de tec tor

Fig ure 10. Cuboid source, two po si tions: co ax ial (a) and by de tec tor side (b)

Fig ure 11. Hor i zon tal ax ial dis place ment (in Oxy plane)
of a cuboid source vs. the de tec tor



than 150 000 ef fi ciency cal cu la tions were pre pared
and per formed in half a day time on an or di nary PC
[21]. Such stud ies are ap par ently a key to the ad vanced 
gamma spec trom e try.

The out lined math e mat i cal model is in tended to
be grad u ally in cor po rated into AN GLE soft ware, thus
mak ing it readily avail able for rou tine use by gamma
spec trom e try com mu nity. We be lieve this will be a sig -
nif i cant step for ward in ad vanced gamma spec trom e -
try prac tice.

NU MER I CAL TEST ING

In or der to ob tain an idea about the re li abil ity and 
ac cu racy of the math e mat i cal model – pend ing the ap -
pro pri ate ex per i men tal ver i fi ca tion – we per formed
ex ten sive nu mer i cal test ing, as fol lows.

Math e mat i cal mod els for some sim pler, but
widely used count ing ge om e tries (e. g. point, disc, cyl -
in der and Marinelli sources, co ax i ally po si tioned with
the de tec tor) were de vel oped a long time prior to the
here de scribed gen er al iza tion. Ex ten sive ex per i men tal 
ver i fi ca tion and many years of suc cess ful prac ti cal ap -
pli ca tion in nu mer ous lab o ra to ries have con firmed
both their re li abil ity and ac cu racy (see e. g. ref. [18]).
Com par ing math e mat i cal mod els for new ge om e tries
from the here elab o rated gen er al ized math e mat i cal
model with the pre vi ously ver i fied ones, us ing nu mer -
i cal test ing (sim u la tion), is thus jus ti fied.

As an ex am ple, the math e mat i cal model for ef fi -
ciency cal cu la tions of rect an gu lar cuboid (brick
shape) sources was ex ten sively nu mer i cally tested by
com par ing it to the pre vi ously/in de pend ently de vel -
oped and well es tab lished/ver i fied model of cy lin dri -
cal sources. Re sults, as well as the meth od ol ogy, are
given in much de tail in a sep a rate pa per [22]. Shortly, a 
brick shape source can be un der stood as a sort of in ter -
po la tion be tween the cor re spond ing outer and in ner
cyl in ders. By suit ably vary ing di men sions and pro por -
tions of these, one can ob tain a fair idea about the re li -
abil ity (ab sence of sys tem atic er rors) and ac cu racy of
the model. Also, by set ting the source di men sions
close to zero, it can be com pared with pre vi ous mod els
of disk shape and point sources. Fi nally, the in tro duc -
tion of the so called equivoluminous cyl in der (hav ing
the same height and vol ume as the ac tual cuboid) gives 
an other per spec tive to the com par i son. The re sults ob -
tained were ex actly as ex pected, with ef fec tive solid
an gles (thus, de tec tion ef fi cien cies as well) for brick
sources ly ing con sis tently, with no ex cep tion, be tween 
those of cor re spond ing in ner and outer cyl in ders,
while rea son ably close to equivoluminous cyl in ders.
This clearly and con clu sively in di cates that the brick
model is free of sys tem atic er rors (bugs), thus ac cu rate 
and re li able.

We have per formed a sim i lar (al though less ex -
ten sive and dif fer ently struc tured) test ing for a num ber 

of prac ti cally ap pli ca ble count ing ge om e tries. Re sults
are af fir ma tive and con vinc ing as well, as il lus trated in 
tabs. 1-4 for cy lin dri cal, Marinelli, rect an gu lar cuboid
and spher i cal sources, re spec tively. Ta ble 5 re fers to
test ing var i ous sources ap proach ing zero di men sions
(quasi point sources) by com par ing the new re sults to
those ob tained by the pre vi ous ap proach (point
sources). Re al is tic de tec tor di men sions and count ing
con fig u ra tions (source and its po si tion ing vs. the de -
tec tor) are used in all ex er cises; these are not pre sented 
in de tail for the sake of con cise ness. Here too, re sults
are log i cally fit ting into ex pected pat terns of ef fec tive
solid an gle be hav ior/vari a tions with vary ing geo met -
ri cal pa ram e ters, fa vor ably in di cat ing the cor rect ness
of the math e mat i cal model ap plied.

De spite the pre vi ously elab o rated jus ti fi ca tion,
it is well un der stood, of course, that nu mer i cal test ing
can not re place ex per i men tal ver i fi ca tion. Given the
com plex ity of the lat ter, it is pend ing.

In tabs. 1 and 2, W de notes the ef fec tive solid an -
gles cal cu lated us ing the new math e mat i cal model,
while W0  is ob tained by the ap pro pri ate pre vi ous
model (rel e vant ref er ences are in di cated). The D [%] is 
the rel a tive dif fer ence be tween the two, in %. All lin -
ear di men sions are in mm.

 PRAC TI CAL AP PLI CA BIL ITY

It was the aim of the pres ent work to en able prac -
ti cally un lim ited ap pli ca bil ity of gamma spec trom e try
in real sit u a tions. An ex ten sive list ing of the fields
where gamma spec trom e try is a method of ei ther
choice or back up would be too long, but some typ i cal
ones may in clude:
– en vi ron men tal ra dio ac tiv ity mon i tor ing,
– ra di a tion pro tec tion,
– med i cine and health phys ics,
– food safety,
– fuel cy cle and nu clear in dus try,
– ra dio ac tive/nu clear waste man age ment,
– reg u la tory con trol of ra dio ac tiv ity,
– ra dio log i cal/nu clear emer gency pre pared ness and 

re sponse,
– ge ol ogy and geo chron ol ogy,
– me trol ogy and nu clear data stan dard iza tion,
– nu clear safety, se cu rity and safe guards,
– lab o ra tory qual ity man age ment,
– sci en tific re search, and
– ed u ca tion and train ing, etc.

By re sort ing to the math e mat i cal model pre -
sented, one can readily achieve prac ti cal so lu tions for
a re al is tic gamma spec tro met ric case. It should be
noted, nev er the less, that in prac tice a rel a tively small
num ber of typ i cal count ing ge om e tries (par tic u larly
cy lin dri cal and Marinelli sources) ac count for the vast
ma jor ity of mea sure ments – the model may thus also
serve to con firm the re li abil ity of the ex ist ing mod -
els/soft ware us ers are ap ply ing in their work.
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In fa cil i tat ing the previous, pro vid ing ad e quate
com puter codes is ap par ently cru cial. A grad ual in tro -
duc tion of the math e mat i cal model into AN GLE soft -
ware [18] is there fore highly de sir able.

CON CLU SION

In the pres ent pa per, a gen er al ized for mula for
the cal cu la tion of ef fec tive solid an gles is elab o rated,

with the aim of pav ing the way and clear ing the lim i ta -
tions to quan ti fi ca tion of gamma spec tro scopic
mea sure ments (i. e. gamma spec trom e try) in prac ti cal
con di tions. Semi em pir i cal ef fi ciency trans fer ap -
proach is em ployed, while ef fi cien cies are cal cu lated
us ing the ef fec tive solid an gle con cept. Gen er al iza tion 
is achieved through un lim ited flex i bil ity, yet sim plic -
ity in or ga niz ing/struc tur ing nu mer i cal in te gra tion in -
ter vals. Cru cially, in te gra tion lim its over the source do
not de pend on the de tec tor what so ever. The ex am ples
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Ta ble 1. Nu mer i cal test ing of the new math e mat i cal model for cy lin dri cal sources, eq. (7), by com par i son to pre vi ous
mod els [15, 16]. Sources are po si tioned at the de tec tor top, with out and with ax ial dis place ment (x0); de tec tor: HPGe
co ax ial

Eg

r0 < R0, r0 = 12 mm, L = 25 mm, con tainer wall = 2 mm, d = 6.1 mm r0 > R0, r0 = 40 mm, L = 55 mm, con tainer wall = 2.5 mm, d = 6.6 mm

x0 = 0 x0 = 9 mm x0 = 0 x0 = 9 mm

W W0 D [%] W W0 D [%] W W0 D [%] W W0 D [%]

50 0.472647 0.472601 0.010 0.444023 0.444023 0.000 0.128098 0.127669 0.335 0.125396 0.125411 0.012

100 1.46302 1.46296 0.004 1.37421 1.37421 0.000 0.449401 0.448667 0.163 0.441442 0.441473 0.007

200 1.40720 1.40791 0.050 1.33018 1.33022 0.003 0.491352 0.491347 0.001 0.483383 0.483304 0.016

500 1.17998 1.18135 0.116 1.12239 1.12245 0.005 0.455746 0.457488 0.382 0.450172 0.449825 0.077

1000 1.02621 1.02772 0.147 0.979146 0.979208 0.006 0.418887 0.421502 0.624 0.414876 0.414393 0.116

3000 0.791933 0.793368 0.181 0.758291 0.758356 0.009 0.344715 0.347899 0.924 0.342564 0.341993 0.167

5000 0.743028 0.744415 0.187 0.711920 0.711984 0.009 0.328844 0.332058 0.977 0.327017 0.326441 0.176

Ta ble 2. Nu mer i cal test ing of the new math e mat i cal model for Marinelli sources, eq. (9), by com par i son to the pre vi ous
model [17]. De tec tors: HPGe co ax ial and LEPD

Eg

r0 = 60 mm, L = 95 mm, Lj = 80 mm, rj = 35 mm, con tainer wall = 2 mm r0 = 60 mm, L = 7 mm, Lj  = 80 mm, rj  = 35 mm, con tainer wall = 2 mm

HPGe LEPD HPGe LEPD

W W0 D [%] W W0 D [%] W W0 D [%] W W0 D [%]

50 0.189844 0.190609 0.403 0.709919 0.711416 0.211 0.225634 0.225389 0.109 0.442804 0.442774 0.007

100 0.687228 0.691107 0.564 0.858830 0.863541 0.549 0.512806 0.510682 0.414 0.581143 0.581026 0.020

200 0.775072 0.779187 0.531 0.832765 0.837575 0.578 0.580243 0.573471 1.167 0.602005 0.601888 0.019

500 0.704583 0.709513 0.700 0.744796 0.748910 0.552 0.527377 0.520308 1.340 0.545788 0.545690 0.018

1000 0.633368 0.638516 0.813 0.669284 0.672872 0.536 0.471647 0.465155 1.376 0.490263 0.490167 0.020

3000 0.504865 0.509704 0.958 0.535025 0.537786 0.516 0.373183 0.368011 1.386 0.390917 0.390812 0.027

5000 0.477054 0.481741 0.982 0.505958 0.508536 0.510 0.351205 0.346316 1.392 0.368490 0.368383 0.029

Ta ble 3. Nu mer i cal test ing of the new math e mat i cal model for two cy lin dri cal sources per pen dic u larly po si tioned vs. the
de tec tor axis, fac ing the de tec tor side, eq. (8), by com par i son to a rect an gu lar cuboid source, eq. (11) [22],
WRC – rect an gu lar cuboid, WLO – laid out cyl in der, WLI – laid in cyl in der, x0 = 55 mm, y0 = 0

Eg

WLO WRC WLI WLO WRC WLI

r0 = 12.5 mm
L = 50 mm

d =  42.9 mm

a = 50 mm
b = 25 mm
L = 25 mm

d =  –42.9 mm

r0 = 17.7 mm
L = 50 mm

d =  –48.1 mm

r0 = 35 mm
L = 50 mm

d = –65.9 mm

a = 50 mm
b = 70 mm
L =70 mm

d = –65.9 mm

r0 = 50 mm
L = 50 mm

d = –80.9 mm

50 0.220336 0.216270 0.205603 0.162344 0.149261 0.131879

100 0.816689 0.800290 0.761793 0.596558 0.548907 0.468995

200 0.896052 0.879185 0.840975 0.670642 0.621660 0.535789

500 0.793455 0.780456 0.751725 0.612430 0.571243 0.496910

1000 0.703761 0.693366 0.670801 0.553336 0.517886 0.453094

3000 0.552762 0.545688 0.530719 0.444211 0.417402 0.367752

5000 0.520762 0.514397 0.501060 0.420979 0.395965 0.349524



elab o rated prove prac ti cal ap pli ca bil ity in a straight -
for ward man ner, while nu mer i cal test ing con firms its
re li abil ity.

De spite com plex cal cu la tions (high pre ci sion
five-fold nu mer i cal in te gra tion), com pu ta tion times
are kept within or der of min utes (or less). This en ables

cre ation of batch jobs and com pu ta tion of nu mer ous
(thou sands, even mil lions) ef fi ciency val ues in short
pe ri ods of time, from which higher-level con clu sions
can be de rived – fa cil i tat ing the prac tice of ad vanced
gamma spec trom e try like wise.
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Ta ble 4. Nu mer i cal test ing of the new math e mat i cal model for a spher i cal source WS, eq. (10), by com par i son to the
equivoluminous cy lin dri cal source  WC, eq.(7), with out and with ax ial dis place ment (x0); var i ous po si tions vs. the de tec tor
(d) are con sid ered

Eg

WS WC WS WC WS WC WS WC

x0 = 0
d = 4.1 mm

x0 = 0
d = 6.628 mm

x0 = 12 mm
d = 4.1 mm

x0 = 12 mm
d = 6.628 mm

x0 = 50 mm
d = –20.9 mm

x0 = 50 mm
d = –18.372 mm

x0 = 50 mm
d = –80.9 mm

x0 = 50 mm
d = –78.372 mm

50 0.322976 0.330157 0.281971 0.285538 0.137715 0.141256 0.182847 0.191010

100 1.00465 1.03903 0.896567 0.920019 0.564322 0.575498 0.567284 0.577581

200 1.00609 1.04127 0.914182 0.940302 0.665290 0.674070 0.649138 0.655709

500 0.868444 0.896866 0.799348 0.821247 0.620362 0.625237 0.602586 0.605582

1000 0.766949 0.790852 0.710360 0.729129 0.564203 0.567096 0.547456 0.548778

3000 0.602791 0.620461 0.562296 0.576522 0.455778 0.456741 0.441965 0.441790

5000 0.567814 0.584207 0.530372 0.543632 0.431466 0.432058 0.418378 0.417928

Ta ble 5. Nu mer i cal test ing of the new math e mat i cal model for var i ous source shapes, by con verg ing source di men sions to
zero (quasi-point sources); re sults given for co ax ial po si tion ing (x0 = 0, y0 = 0) and with ax ial dis place ment; the in di ces
de note: CC – co ax ial cyl in der, CP – per pen dic u lar  cyl in der,  RC –  rect an gu lar cuboid, S – sphere, P – point; source
di men sions are r0 = L = a = b = =.0.001 mm

Eg

WCC WCP WRC WS WP

x0 = 0 x0 = 0
x0 = 0
y0 = 0

x0 = 0
y0 = 0 x0 = 0

50 0.592766 0.592752 0.592767 0.592752 0.592627

100 1.65497 1.65492 1.65497 1.65492 1.65470

200 1.53230 1.53226 1.53230 1.53226 1.53206

500 1.23005 1.23002 1.23005 1.23002 1.229901

1000 1.03930 1.03927 1.03930 1.03927 1.03921

3000 0.775281 0.775262 0.775282 0.775262 0.775249

5000 0.719431 0.719413 0.719431 0.719413 0.719411

x0 = 60 mm x0 = 60 mm x0 = 60 mm
y0 = 0

x0 = 60 mm
y0 = 0

x0 = 60 mm

50 0.069433 0.069433 0.069434 0.069433 0.068843

100 0.35389 0.353888 0.353891 0.353886 0.351894

200 0.411535 0.411514 0.411485 0.411502 0.409954

500 0.365642 0.365584 0.365511 0.365558 0.365171

1000 0.321919 0.321848 0.321774 0.321821 0.321876

3000 0.25014 0.250062 0.249989 0.250035 0.250549

5000 0.233872 0.233793 0.23372 0.233766 0.234393

x0 = 0
y0 = 60 mm

x0 = 0
y0 = 60 mm

x0 = 30 mm
y0 = 51.96

x0 = 30 mm
y0 = 51.96

x0 = 60 mm

50 0.069446 0.069447 0.06942 0.069421 0.068843

100 0.354011 0.354015 0.353941 0.353945 0.351894

200 0.411588 0.411577 0.411499 0.411517 0.409954

500 0.365623 0.365583 0.36555 0.365584 0.365171

1000 0.321875 0.32183 0.321817 0.32185 0.321876

3000 0.250079 0.25003 0.250035 0.250067 0.250549

5000 0.233808 0.233759 0.233767 0.233799 0.234393



AU THORS' CON TRI BU TIONS

N. N. Mihaljevi} de vel oped the math e mat i cal
model pre sented in the pa per, sub li mat ing 30 years of
work on the topic, and also per formed the nu mer i cal
test ing. A. D. Dlabac is de voted to AN GLE soft ware
de vel op ment, con sis tently add ing the value by trans -
form ing/em body ing the o ret i cal re sults of the group
into user-ori ented tool and made a valu able con tri bu -
tion in var i ous phases of the work. S. I. Jovanovi} con -
ceived and guided the re search and wrote the pa per.
All au thors ex ten sively in ter acted, ex chang ing the
ideas, in par tic u lar dur ing the prep a ra tion of the manu -
script.
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Nikola N. MIHAQEVI], Slobodan I. JOVANOVI], Aleksandar D. DLABA^

GENERALIZOVANI  MATEMATI^KI  MODEL  ZA
KALIBRACIJU  EFIKASNOSTI  DETEKTORA  GAMA-ZRA^EWA

Primena u realnim slu~ajevima

Kalibracija efikasnosti, tj. odre|ivawe efikasnosti detekcije (ep), kqu~no je pitawe u
gama-spektrometriji (kvantifikaciji gama-spektroskopskih merewa) pomo}u poluprovodni~kih
i scintilacionih detektora. Pore|ewem tri pristupa ‡ relativnog, apsolutnog i polu-
empirijskog ‡ zakqu~eno je da poluempirijski ima zna~ajne prednosti. U tom smislu izdvojen je i
opisan princip “transfera efikasnosti” pomo}u efektivnih prostornih uglova (W). Ovim
pristupom se prob lem kalibracije efikasnosti svodi na odre|ivawe W, {to je ve} uobi~ajena
praksa u gama spektrometriji, uglavnom kroz kori{}ewe softvera AN GLE. Potom je data
generalizovana matemati~ika for mula (prva te vrste) za prora~un W, ~ime se otvara mogu}nost za
napredne primene gama-spektrometrije. For mula pru`a neograni~enu fleksibilnost u
primeni, jer razdvaja izvor i detektor u procesu integraqewa (prora~un W). Wena prakti~na
primenqivost pokazana je na nekoliko tipi~nih primera koji se susre}u u realnim situacijama
gama-merewa, kao i u nekim neuobi~ajenim slu~ajevima. Formule za ove konkretne slu~ajeve su onda 
kori{}ene za numeri~ku proveru na RS ra~unaru. Prilikom rada posebno je vo|eno ra~una o
optimizaciji kompleksnih numeri~kih procedura (koje ukqu~uju petostruku numeri~ku
integraciju), da bi se vreme potrebno za prora~un svelo na najmawu mogu}u meru (red veli~ine
nekoliko minuta na prose~nom RS ra~unaru). Dobijeni rezultati potvr|uju ispravnost pomenutih
for mula i prate}eg softvera. Model }e se postupno ugra|ivati u softver AN GLE, ~ime }e biti
stavqen na raspolagawe gama-spektrometrijskoj zajednici.

Kqu~ne re~i: gama-spektrometrija, efikasnost detekcije, kalibracija detektora,
.........................matemati~ki model, numeri~ka provera, primenqivost, AN GLE softver


