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This work re ports on the spa tial rain bows oc cur ring in trans mis sion of 10 keV pro tons
through hexapole lens. Pos i tive po ten tials of the lens elec trodes are set to be 0.9, 2, and 5 kV.
The spa tial rain bows and cor re spond ing pro ton dis tri bu tions are cal cu lated by us ing an ac cu -
rate an a lyt i cal ap prox i ma tion of the nu mer i cally ob tained lens po ten tial. Fur ther, for the pos -
i tive po ten tial of the lens elec trode equal to 0.9 kV, it has been shown that ap pli ca tion of ca tas -
tro phe the ory leads to a sim ple poly no mial non-lin ear map ping, gen er at ing ac cu rate spa tial
rain bows at the exit and in the drift space be hind the lens.
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IN TRO DUC TION

Elec tro static hexapole lens is an ion beam op tics
el e ment con sist ing of six elec trodes be ing on the al ter -
nat ing elec tro static po ten tials ±V0, that form a hexa -
gon around the op ti cal axis. The me dium trans verse
po si tion (TP) plane of the lens is shown in fig. 1. It is
well known that the elec tro static po ten tial of a
hexapole lens around the op ti cal axis is purely an har -
mon ic, i. e., its lin ear and par a bolic parts are equal to
zero [1, 2]. This im plies that the sec ond-or der ef fects
of a hexapole lens can be used to cor rect the ion beam
ab er ra tions with out chang ing the first-or der fo cus ing
con di tions. There fore, in ion beam op tics, the main ap -
pli ca tions of hexapole lenses are the ab er ra tion cor rec -
tions [3]. Re duc tion of the sec ond-or der im age ab er ra -
tion for mass spec trom e ters, by us ing the elec tro static
hexapole lens, was re ported in [4, 5]. Fur ther, the ap -
pli ca tion of hexapole lens correctors for the three or -
der im age ab er ra tion (the spher i cal ab er ra tion), in the
scan ning and trans mis sion elec tron mi cro scopes, was
in ves ti gated in [6, 7]. Tra jec to ries of charged par ti cles, 
in the elec tro static hexapole lens, have been cal cu lated 
in de tails by Taya and Matsuda [2].

Re cently, our group has been in ves ti gat ing the
fo cus ing and ac cel er at ing prop er ties of the square lens
with all elec trodes be ing on the pos i tive po ten tial
[8-11]. It was shown that the rain bow ef fect oc curred
for these lenses and strongly in flu enced their fo cus ing

and ac cel er at ing prop er ties. We called the lens the
square rain bow lens [8]. 

In this work, oc cur rence of the spa tial rain bows,
in trans mis sion of 10 keV pro tons, through elec tro static
hexapole lenses, with the al ter nat ing elec trode po ten tial 
±V0, for V0 = 0.9, 2, and 5 kV, are in ves ti gated. In ad di -
tion, it is shown that ca tas tro phe the ory can be used to
model the spa tial rain bows for V0 = 0.9 kV.
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Fig ure 1. The me dium trans verse po si tion plane of the
hexapole lens



THE ORY

Since a hexapole lens has straight axis, pos i tive
ori en ta tion of Car te sian co or di nate sys tem is cho sen,
be ing de fined in fig 1. It can be shown that the
hexapole lens po ten tial can be ap prox i mated by a 2-D
poly no mial ex pres sion [2]. The im posed sym me try
con di tions on the 2-D hexapole po ten tial, to gether
with the fact that the Laplace's equa tion must hold, re -
sults in the fol low ing ex pres sion for the po ten tial (up
to the sixth or der) [2]
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where, V0 de notes the ap plied pos i tive elec trode po -
ten tial and s0 the ra dius of a cir cle in scribed within the
six elec trodes (see fig. 1). Also, it can be shown that
the ex pres sion (1) is the best pos si ble ap prox i ma tion
for the re al is tic po ten tial if one sets the ra dius of the
elec trodes to be: r = s0/2 [2].

In this work, the po ten tial given by ex pres sion
(1) is con sid ered. Fur ther, in or der to check its ac cu -
racy and ap pli ca bil ity, the hexapole po ten tial was cal -
cu lated nu mer i cally. The nu mer i cal cal cu la tion was
car ried out ap ply ing the WIPL-D pro gram [12], which 
is based on the method of mo ments with the Galerkin
test pro ce dure fi nite el e ment method. The ac cu racy of
cal cu la tion was de ter mined by choos ing the num ber of 
the lin ear al ge braic equa tions, N, within the pro gram.
This num ber was cho sen to be N = 2,913. It should be
men tioned, that due to the sym me try of the lens, the
com pu ta tion was per formed in the quad rant de fined
by x = [0, 116 mm], y = [0, 116 mm], and z = [0, 400
mm]. Also,  the com pu ta tional mesh was de fined by
Dx = Dy = 1 mm and Dz = 2 mm.

Let us con sider the map ping

x y x y0 0, ,® (2)

where x0 and y0 are the pro ton spa tial com po nents in
the im pact pa ram e ter (IP) plane, x and y are the pro ton
spa tial com po nents dur ing its mo tion through the lens
and/or af ter it, at the transversal po si tion (TP) plane.
Pro ton spa tial com po nents in the TP plane are de ter -
mined nu mer i cally by us ing the Runge-Kutta method
of the fourth or der for cal cu la tion of the pro ton tra jec -
tory [13].

The map ping (2) is pre sented with the fol low ing
pair of func tions: x = x(x0, y0) and y = y(x0, y0). In or der
to in ves ti gate the char ac ter is tic fea tures of these func -
tions, the fol low ing Jacobian is in tro duced: 
J x y x yx y x yr

def ¶ ¶ ¶ ¶
0 0 0 0

- . It is geo met ri cally well
known that the Jacobian can be in ter preted via the re la -
tion, Jr = dxdy/dx0dy0, where dx0 dy0 and dxdy are el e -
men tary ar eas in the IP and TP planes, re spec tively.

Spa tial rain bow lines in the IP plane are de fined
as so lu tions of the equa tion: Jr = 0. The spa tial rain -
bow lines in the TP plane are de ter mined by ap ply ing
the map ping (2) to the spa tial rain bow lines in the IP
plane. Geo met ri cal in ter pre ta tion of the Jacobian im -

plies that one can ex pect fo cus ing prop er ties of the
beam around spa tial rain bow lies in the TP plane, due
to the fact that dxdy ® 0 as Jr ® 0, whereas dx0 dy0 is
con stant. Fur ther, if the Jacobian is equal to zero, then
the map ping (2) is not one-to-one (bijective) and vice
versa. There fore, there is an abrupt (cat a strophic)
change along the rain bow line, which serves as the
bor der be tween the so called bright and dark sides of
the rain bow i.e. be tween the re gions of high and low
in ten sity of pro tons, re spec tively [8-11].

RE SULTS AND DIS CUS SION

In our cal cu la tions, we set for the ra dius of elec -
trodes, r = 2.82 cm, the length of the lens, L = 40 cm,
the ra dius of the cir cle in scribed within the elec trodes,
s0 = 2r = 5.64 cm, and for the ra dius of the grounded
cyl in der of the lens, R = 20 cm (see fig. 1). The ini tial
pro ton ki netic en ergy is taken to be E = 10 keV,
whereas the ini tial num ber of pro tons is 400 000. The
ini tial pro ton beam is par al lel and the pro tons are as -
sumed to be homogenously dis trib uted within the cir -
cle of di am e ter equal to 5.5 cm, which is de ter mined by 
the cir cu lar ap er tures in the en trance and exit plates,
with the same di am e ter equal to 5.5 cm. The or i gin of
the used co or di nate sys tem is taken to be in the mid dle
of  the  lens. The  hor i zon tal and ver ti cal co-or di nates,
y and x, re spec tively, are cho sen so that the pro ton
beam is di rected to ward pos i tive di rec tion of z-axis,
which co in cides with the lens axis. The en trance and
exit transversal planes cor re spond to the lon gi tu di nal
co or di nate z = –21.5 cm and z = 21.5 cm, re spec tively.
It should be noted that the IP plane co in cides with the
en trance plane in the case of po ten tial (1), whereas for
the  nu mer i cally cal cu lated po ten tial it cor re sponds to
z = –40 cm, when the po ten tial can be ap prox i mated by 
zero. 

Fig ure 1 shows the char ac ter is tic points in the
me dial plane of the lens des ig nated by a, b, c, and d.
Their  co-or di nates  are: (2 cm, 0), (4 cm, 0), (1.73 cm,
1 cm), and (3.46 cm, 2 cm), re spec tively. They will be
used for the com par i son be tween the nu mer i cally cal -
cu lated elec tro static field and the one ob tained from
the an a lyt i cal po ten tial (1).

De pend en cies of the nu mer i cally cal cu lated
com po nents of elec tro static fields, Ex, Ey, and Ez and
the cor re spond ing an a lyt i cal com po nents, E Ex

a
y
a, ,

and E z
a , on the co-or di nate z, for the points a, b, c, and

d, are shown in figs. 2(a-d), re spec tively. The po ten tial
of an elec trode is taken ar bi trary to be, V0 = 1 V. It is
clear, from fig. 2, that the transversal com po nents of
the elec tro static field E Ex

a
y
aand  ex cel lently ap prox i -

mate the com po nents Ex and Ey, in side the lens. Fur -
ther, in side the lens, Ez is close to zero, whereas the E z

a

com po nent is ex actly equal to zero, which fol lows
from the fact that the po ten tial (1) does not de pend on
z. Thus, small dif fer ences be tween the an a lyt i cal and
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nu mer i cal elec tro static fields oc cur in the en trances
and exit re gions of  the lens edges since the nu mer i cal
elec tro static field in cludes the fringe fields ef fect.
How ever, on ref. [14] it was shown that the con tri bu -
tion of the fringe field ef fect in a hexapole lens was in
the or der of (s0/L)2. In our case, (s0/L)2 = 0.005, which
is very small (an or der of a half per cent). More over,
fig. 3  shows, for the pos i tive elec trode po ten tial, V0 =
=/0.9 kV, that the rain bow lines ob tained from the nu -
mer i cal cal cu la tion, des ig nated by red color, and the
an a lyt i cal one, des ig nated by green color, are very
close to each other. (Al ter na tive gray and dark col ors
are used in printed ver sion of the jour nal). There fore,
the fringe field ef fects could be ne glected and the 2-D
po ten tial (1) has been ap plied fur ther in the text. As a
con se quence,  as  it  has  been  al ready men tioned, the

IP plane co in cides with the en trance ap er ture plane of
the  lens,  and  the  drift  space ap prox i ma tion holds for
z ³ 21.5 cm, i. e., the pro ton tra jec to ries are treated as
the straight lines af ter they exit the lens.

Fig ures 4(a, b) show the closed rain bow lines in
the IP plane and the cor re spond ing rain bow lines and
spa tial dis tri bu tions of trans mit ted pro tons in the exit
TP of the lens, for the elec trode po ten tial V0 = 0.9 kV,
re spec tively. The red and green (gray and dark) points
des ig nate the fo cused and defocused pro tons, re spec -
tively. The pro ton is treated as fo cused if it  sat is fies 
the  con di tion xvx + yvy £ 0, where vx and vy are the
trans verse co-or di nates of the ion ve loc ity [5]. Oth er -
wise, it is defocused. In the cal cu la tion, it is as sumed
that pro tons, be ing in the ar eas in side the elec trodes, or 
not pass ing through the exit ap er ture, are not taken into 
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Fig ure 2. Dependences of the nu mer i cal, Ex, Ey, and Ez, and an a lyt i cal,  Ex
a, Ey

a, and Ez
a, com po nents of the elec tric fields,

on the vari able z, for trans verse po si tions cor re spond ing to (a) point a, (b) point b, (c) point c, and, (d) point d, in fig. 1



ac count. The same as sump tion holds for the rain bow
lines. Fig ure 4(b) shows the cusped tri an gu lar rain bow 
line with the cusps be ing di rected to ward neg a tive
elec trodes of the lens. It is clear that the shape of the
dis tri bu tion is de ter mined with the rain bow line, i. e., it 
acts as a  “skel e ton”  of the dis tri bu tion. Also, it is the 
bor der  be tween the  “bright side”  and the  dark side  of
the rain bow, cor re spond ing to high and low pro ton
yield, re spec tively. Fur ther, fo cused pro tons are con -
fined within this rain bow line, whereas the defocused
pro tons are con cen trated in the ar eas around the cusps
of the rain bow line.

For the elec trode po ten tial V0 = 2.0 kV, figs. 4(c)
and 4(d) show that the sec ond rain bow lines, in the IP
and exit TP planes, ap pear whereas the first rain bow
lines are be com ing smaller in both of the planes – in
com par i son with the cases pre sented in figs. 4(a) and
4(b). Also, the fo cused pro tons are con fined within the 
first cusped tri an gu lar rain bow line and in three ar eas
close to the sec ond rain bow line di rected to ward the
pos i tive elec trodes of the lens.
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Fig ure 3. The red and green (gray and dark) points des ig -
nate an a lyt i cal and nu mer i cal rain bow lines, re spec -
tively, at the exit of hexapole lens for the pos i tive
po ten tial of the lens, V0 = 0.9 kV

Fig ure 4. Rain bow lines in the im pact pa ram e ter plane for (a) V0 = 0.9 kV, (c) V0 = 2 kV, and (e) V0 = 5 kV, and
cor re spond ing dis tri bu tion of pro tons in the exit trans verse plane for (b) V0 = 0.9 kV, (d) V0 = 2 kV, and (f) V0 = 5 kV where
the red and green (gray and dark) points des ig nate fo cused and defocused pro tons, re spec tively



Figure 4(e) and 4(f) show the rain bow lines in
the  IP  plane  and  the  cor re spond ing  rain bow lines
and the spa tial dis tri bu tion of trans mit ted pro tons in
the  exit  TP  of  the  lens,   for  the  elec trode  po ten tial
V0 = 5 kV. Fig ure 4(d) con firms the given con clu sion,
that the sec ond rain bow lines de fine the shape or “skel -
e ton” of the beam at the exit of the lens and that the fo -
cused pro tons are con fined within the first cusped tri -
an gu lar rain bow line and in three ar eas close to the
sec ond rain bow lines, di rected to ward the pos i tive
elec trodes. Fur ther, it is clear that the sec ond rain bow
lines con sist of parts of one al most closed cusped rain -
bow line, with two pairs of cusps be ing di rected to -
ward the neg a tive elec trodes of the lens. 

Evo lu tion of the spa tial rain bow lines in the drift
space for the elec trode po ten tial V0 = 2 kV, for the vari -
able z = 21.5, 40, 70, and 120 cm, is pre sented in fig.
5(a). In ter est ingly, this evo lu tion shows that the first
rain bow line de creases, as the vari able z in creases, but, 
on the other hand, the outer parts of the sec ond rain -
bow line are join ing to gether to form one sin gle sec -
ond ary rain bow line, which in creases as the vari able z
in creases. Fig ure 5(b) shows en larged the evo lu tion of
the first rain bow line for the given val ues of vari able z.
It is clear from fig. 5(a) and (b) that, for the large dis -
tances from the lens, the first rain bow line tends to a
point, keep ing its shape, and the spa tial dis tri bu tion of
the pro ton beam has been de ter mined by the sec ond
rain bow line only.

In gen eral, ca tas tro phe the ory is a math e mat i cal
the ory of struc tur ally sta ble fam ily of func tions, that
can be used in phys ics and other branches of sci ence as 
a tool for ob tain ing the sim ple poly no mial mod els of
the pro cesses un der the in ves ti ga tions [15]. In its ap -
pli ca tion, it is im plic itly as sumed that the pro cesses are 
struc tur ally sta ble, i. e., that they are not sen si tive to
small per tur ba tions. In fur ther parts of this work, the
re sults of ap pli ca tion of ca tas tro phe the ory to the spa -
tial rain bows and the cor re spond ing pro ton dis tri bu -
tions for V0 = 0.9 kV, will be pre sented.

Let us in tro duced the gen er at ing func tion
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The first term cor re sponds to the lin ear one in the 
map ping de fined by eqs. (4) and (5), the sec ond and
third terms cor re spond to el lip tic umbilic and ro ta -
tional cusp ca tas tro phes [15, 16], or the X9 ca tas tro phe 
when its modulus is equal to 2 [17, 18]. It should be
noted that the sec ond term of the gen er at ing func tion is 
re lated to the astig ma tism of the sec ond or der, whereas 
the third term is re lated to the spher i cal ab er ra tion of
the third or der [16].

The gen er at ing func tion de fines the fol low ing
poly no mial non-lin ear map ping, x0, y0 ® x, y, via the
re la tions
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Ac cord ing to ca tas tro phe the ory, the con di tions
(4) and (5) de fine the equi lib rium set of the fam ily of
func tions F [15]. It can be shown that the Jacobian of
the 2-D map ping, de fined with (4) and (5), is given by
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which rep re sents, on the other hand, the Hessian of
gen er at ing func tion, H(F) [15]. Ac cord ing to ca tas tro -
phe the ory, equa tion, H(F) = 0, which is equiv a lent to
the con di tion de fin ing the spa tial rain bow lines in the
IP plane, cor re sponds to the cat a strophic set of the
fam ily of func tions F.  Bi fur ca tion set of the fam ily F is
de fined as the map ping of the cat a strophic set via the
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Fig ure  5. (a)  Rain bow  lines  in  the  trans verse  plane for
z = 21.5, 40, 70, and 120 cm, and (b) en larged first
rain bow lines pre sented in (a)



equa tions (4) and (5) [15], and, there fore, cor re sponds
to the rain bow lines in TP plane. Thus, we have shown
a di rect con nec tion be tween the rain bow lines in the IP
and TP planes and the cat a strophic and bi fur ca tion sets 
of the gen er at ing func tion (3), re spec tively.

Fig ure 6(a and b) show the model rain bow lines
ob tained by ap ply ing the map ping black line (4) and (5)
and the nu mer i cally cal cu lated red (gray) line ones in
the IP and TP planes, re spec tively, for z = 43 cm. The pa -
ram e ters a and b are de ter mined in the fit ting pro ce dure, 
which ob tains the best match ing be tween the cor re -
spond ing nu mer i cal and model rain bow lines, in both IP 
and TP planes. This is achieved by min i miz ing the sum
of squared dis tances be tween cor re spond ing points 1
and 1m, 2 and 2m, 1´ and 1´m, and, 2´ and 2´m, pre sented
in figs. 6(a and b). The same pro ce dure is ap plied for the 
val ues of vari able z = 50, 60, 70, 80, 90, 100, 120, and
140 cm, in the drift space. This is il lus trated in figs. 6(c)

and (d) for  z = 90 cm. One can con clude that the match -
ing be tween the nu mer i cal and model rain bow lines, in
both IP and TP planes, is ex cel lent.

The ob tained val ues of pa ram e ters a and b are
pre sented in figs. 7(a and b), re spec tively. The anal y sis 
shows that dependences of pa ram e ters a and b on vari -
able z can be ex cel lently fit ted with the fol low ing an a -
lyt i cal func tions, a(z)  =  a1 – a2  exp(–z/az) and b(z) =
=.b1 – b2 exp(–z/bz), re spec tively. Cal cu lated pa ram e -
ters of the fit ting func tions are: a1 = 0.26 cm–1, a2 =
=.0.54 cm–1 and az = 29.10 cm, and b1 = 0.09 cm–2, b2 = 
=.0.25 cm–2 and bz = 37.18 cm.

CON CLU SIONS

In this work, it is shown that the spa tial rain bows
oc cur in trans mis sion of 10 keV pro tons through the
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Fig ure 6. Nu mer i cal and poly no mial  model of rain bow lines for show, re spec tively, in red and black (gray and black)
col ors for (a) z = 43 cm and (c) 90 cm, in the im pact pa ram e ter plane, and in the trans verse po si tion planes, for (b) z = 43 cm
and (d) 90 cm



hexapole lens hav ing pos i tive po ten tials V0 = 0.9, 2.0,
and 5.0 kV. They rep re sent  “skel e tons”  of the spa tial
dis tri bu tions and bor ders be tween the  “bright sides”
and the  “dark sides”  of the rain bows, cor re spond ing
to high and low pro ton yields, re spec tively. Fur ther,
fo cused pro tons are con fined within first rain bow line,
whereas the defocused pro tons are con cen trated in the
ar eas around the cusps of the first rain bow line.

Ap ply ing ca tas tro phe the ory, for the pos i tive po -
ten tial of the elec trode, V0 = 0.9 kV, the anal y sis shows
that one can ob tain sim ple non-lin ear map ping from
the IP to TP plane, that ex cel lently model the nu mer i -
cally cal cu lated spa tial rain bow lines. Ad di tion ally,
de pend ence of the pa ram e ters of the map ping, a and b,
on the vari able z,  can  be  ex cel lently  fit ted with the
ex po nen tial  func tions  a(z)  =  a1 – a2 exp(–z/az) and
b(z)  =  b1  –  b2   exp(–z/bz),  where   a1   =   0.26   cm–1, 

a2   =.0.54 cm–1 and az = 29.10 cm, and b1 = 0.09 cm–2,
b2 = 0.25 cm–2 and bz = 37.18 cm.
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Igor N. TELE^KI, Sawa M. GRUJOVI] ZDOL[EK, Petar D. BELI^EV,
Sr|an M. PETROVI], Neboj{a B. NE[KOVI]

PROSTORNE  DUGE  I  KATASTROFE  U  TRANSMISIJI  PROTONA
KROZ  ELEKTROSTATI^KO  HEKSAPOLNO  SO^IVO

U radu su prikazane prostorne duge koje se javqaju pri transmisiji snopa protona
energije 10 keV kroz heksapolno so~ivo. Pozitivni potencijali elektroda su bili 0,9, 2, i 5 kV.
Prostorne duge i odgovaraju}e raspodele protona ra~unate su kori{}ewem precizne analiti~ke
aproksimacije numeri~ki dobijenog potencijala so~iva. Kasnije, za pozitivan potencijal
elektrode heksapola 0.9 kV, pokazano je da primena teorije katastrofe dovodi do jednostavnog
polinomnog, nelinearnog preslikavawa, koje generi{e ta~ne prostorne duge na izlazu i u
slobodnom prostoru iza so~iva.

Kqu~ne re~i: heksapol, jonska optika, teorija katastrofe, linija duge, aberacija


