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An al go rithm for the Monte Carlo sim u la tion of elec tron mul ti ple elas tic scat ter ing based on
the frame work of SuperMC (Super Monte Carlo sim u la tion pro gram for nu clear and ra di a -
tion pro cess) is pre sented. This pa per de scribes ef fi cient and ac cu rate meth ods by which the
mul ti ple scat ter ing an gu lar de flec tions are sam pled. The Goudsmit-Saunderson the ory of
mul ti ple scat ter ing has been used for sam pling an gu lar de flec tions. Dif fer en tial cross-sec tions 
of elec trons and pos i trons by neu tral at oms have been cal cu lated by us ing Dirac par tial wave
pro gram ELSEPA. The Legendre co ef fi cients are ac cu rately com puted by us ing the
Gauss-Legendre in te gra tion method. Fi nally, a novel hy brid method for sam pling an gu lar
dis tri bu tion has been de vel oped. The model uses ef fi cient re jec tion sam pling method for low
en ergy elec trons (<500 keV) and larger path lengths (>500 mean free paths). For small path
lengths, a sim ple, ef fi cient and ac cu rate an a lyt i cal dis tri bu tion func tion has been pro posed.
The later uses ad just able pa ram e ters de ter mined from the fit ting of Goudsmith-Saunderson
an gu lar dis tri bu tion. A dis cus sion of the sam pling ef fi ciency and ac cu racy of this newly de vel -
oped al go rithm is given. The ef fi ciency of re jec tion sam pling al go rithm is at least 50 % for
elec tron ki netic en er gies less than 500 keV and lon ger path lengths (>500 mean free paths).
Monte Carlo Sim u la tion re sults are then com pared with mea sured an gu lar dis tri bu tions of
Ross et al. The com par i son shows that our re sults are in good agree ment with ex per i men tal
mea sure ments.
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IN TRO DUC TION

Dur ing the pas sage of elec tron through the mat ter, 
it ex pe ri ences a large num ber of elas tic col li sions with
the atomic nu clei. This changes the elec tron's di rec tion,
but does not sig nif i cantly change its en ergy. The num -
ber of such col li sions is so large that a de tailed Monte
Carlo sim u la tion of in di vid ual scat ter ing events is al -
most im prac ti cal. The so lu tion for in ca pac i tat ing this
dif fi culty is pro vided by the Con densed-his tory tech -
nique [1], in which the elec tron is fol lowed in a se ries of
steps, and a mul ti ple scat ter ing the ory is used to group
in di vid ual elas tic scat ter ing events. An ac cu rate and ef -
fi cient treat ment of mul ti ple scat ter ing an gu lar dis tri bu -

tions is thus re quired in a gen eral pur pose Monte Carlo
code such as SuperMC [2]. 

SuperMC is a gen eral pur pose, easy-to-use
Monte Carlo sim u la tion pro gram, de vel oped by FDS
Team [2-5], for mod el ing and sim u la tion of nu clear fa -
cil i ties. The re leased ver sion of SuperMC can per form
sim u la tions for neu trons, pho tons and cou pled neu tron 
and pho ton trans port, while Monte Carlo sim u la tion of 
elec tron trans port has been un der de vel op ment and
will be re leased soon. This re search work is the part of
the de vel op ment of elec tron trans port. SuperMC has
been ap plied to fu sion re ac tor FDS I [6], FDS II [7],
FDS III [8], ITER [9, 10] and other re ac tor stud ies [11,
12] and is also de signed for the Monte Carlo based
dose cal cu la tion en gine of KylinRay (Ac cu rate Ra dio -
ther apy Sys tem) [13].
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The mul ti ple scat ter ing prob a bil ity dis tri bu tion can 
be cal cu lated through one of the mul ti ple scat ter ing the o -
ries of Goudsmit-Saunderson [14], Mo liere [15] or
Lewis [16]. Mo liere's the ory uses scaled an gu lar vari able 
to de scribe the dis tri bu tion func tion which makes it fairly 
easy to sam ple an gu lar de flec tions but the ac cu racy is
lim ited be cause it is based on small an gle ap prox i ma tion
and also do not ac count the spin and rel a tiv is tic ef fects. It
is used in GEANT3 [17] and EGS4 [18]. The the ory of
Goudsmit-Saunderson (GS) [14] de scribes the “ex act”
mul ti ple scat ter ing dis tri bu tions for an ar bi trary dif fer en -
tial cross-sec tion and the dis tri bu tion func tion can be ap -
plied for much smaller path lengths. It ac counts the spin
and rel a tiv is tic ef fects and also dif fer en ti ates be tween the 
scat ter ing of elec trons and pos i trons. Most of the Monte
Carlo elec tron-pho ton trans port codes such as ETRAN
[19], EGS5 [20], PENELOPE [21], GEANT4 [22] uses
Goudsmit-Saunderson the ory or Lewis the ory of Mul ti -
ple scat ter ing. EGSnrc [23] use a mod i fied form of the
Goudsmit-Saunderson the ory that is based on the work
of Kawrakow [24].

How ever, the ran dom sam pling from Goud-
smit-Saunderson dis tri bu tion func tion is com pli cated
be cause it is based on the Legendre ex pan sion of sin gle
scat ter ing law. There fore, pre vi ously, a huge da ta base
of pre-com puted an gu lar dis tri bu tions for a set of
pre-se lected path lengths has been used for ran dom
sam pling in many Monte Carlo codes, such as ETRAN
[19], GEANT4 [22], and PENELOPE [21]. EGS5 [20]
uses a Wentzel shape an a lyt i cal func tion with ad just -
able pa ram e ters de ter mined from the fit ting of the GS
dis tri bu tion func tion, but the method is still com pu ta -
tional ex ten sive as  it  re quires the cal cu la tion of GS dis -
tri bu tion func tion at many an gle points (~287 points).

In this pa per, an ef fi cient and ac cu rate hy brid
method for sam pling an gu lar dis tri bu tion has been pre -
sented and it is based on Goudsmit-Saunderson the ory
of mul ti ple scat ter ing. Dif fer en tial cross-sec tions
(DCS) for elec tron and pos i tron with ki netic en ergy
range 1eV to 100 MeV and for Z = 1-95 have been cal -
cu lated us ing Dirac par tial wave pro gram ELSEPA
[25]. The Legendre co ef fi cients in the sin gle scat ter ing
dis tri bu tion are ac cu rately com puted by us ing
Gauss-Legendre in te gra tion method.

ELEC TRON MUL TI PLE
ELAS TIC SCAT TER ING

A brief re view of Goudsmit-Saunderson the ory
of mul ti ple elas tic scat ter ing [14] is pre sented in this
sec tion. We con sider the mul ti ple elas tic scat ter ing of
elec trons and pos i trons mov ing in an in fi nite ho mo ge -
neous me dium with ki netic en ergy E with N scat ter ing
cen ters per unit vol ume. The dif fer en tial cross-sec tion
is as sumed to be sym met ric about the in ci dent elec tron 
di rec tion (i. e. de pends on po lar an gle q). 

An gu lar dis tri bu tion

The Goudsmit-Saunderson dis tri bu tion of mul -
ti ple scat ter ing for ar bi trarily large an gles has the form
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where q is the an gle be tween the ini tial and the fi nal di -
rec tion. The Pl 's are Legendre poly no mi als, s is the path 
length (in gcm–2). Gl 's are Legendre co ef fi cients, also
called trans port co ef fi cients and can be cal cu lated as
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where ds/dW  is the elas tic dif fer en tial cross-sec tion as 
a func tion of po lar an gle for given E and Z. l is the
mean free path (mfp) and given as
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where s is the to tal elas tic cross-sec tion for given Z
and E. NA is the Avo ga dro's num ber, r – the mass den -
sity, and AW – the atomic weight of the ma te rial.

The num ber of terms needed to make the
Goudsmit-Saunderson se ries con verge in eq. (1) in -
creases as the path length de creases. How ever, the
con ver gence of the se ries can be im proved for smaller
path lengths by sep a rat ing the con tri bu tion from elec -
trons that have ex pe ri enced no col li sion [26]
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The first term of eq. (4) rep re sents unscattered
elec trons.

Dif fer en tial cross-sec tions da ta base

Dif fer en tial cross sec tions (DCS) for elec tron
and  pos i tron  with  ki netic  en ergy  range  100  eV to
100 MeV and for Z = 1-95 have been cal cu lated us ing
Dirac par tial wave pro gram ELSEPA [25]. These dif -
fer en tial cross sec tions ac count for screen ing, fi nite
nu clear size, spin and rel a tiv is tic ef fects. For given Z,
elec tron and pos i tron elas tic DCS data is pre sented in
tab u lated form us ing a log a rith mic grid of 91 ki netic
en er gies Ei. For each en ergy in the grid, DCS is tab u -
lated for 606 scat ter ing an gle points with a nearly log a -
rith mic spac ing near q = 0 which al lows cu bic spline
in ter po la tion of ln(ds/dW) in ln E and q. Fig ure 1
shows the DCS for elas tic scat ter ing of elec trons in ci -
dent on lead and alu mi num with var i ous ki netic en er -
gies cal cu lated by using ELSEPA [25].

MONTE CARLO SIM U LA TION

In this sec tion, the Monte Carlo sim u la tion of
mul ti ple elas tic scat ter ing is pre sented. In or der to

M. A. Wasaye, et al.: The Hy brid Model for Sam pling Mul ti ple Elas tic ...
230 Nu clear Tech nol ogy & Ra di a tion Pro tec tion: Year 2017, Vol. 32, No. 3, pp. 229-235



sam ple the an gu lar de flec tions, one needs to ac cu -
rately cal cu late the Goudsmit-Saunderson dis tri bu tion 
func tion for given ma te rial (Z), elec tron ki netic en ergy 
(E) and path length (s). 

Nu mer i cal cal cu la tion of GS
dis tri bu tion func tion

For the cal cu la tion of GS dis tri bu tion func tion
we started from the cal cu la tion of Legendre co ef fi -
cients as de scribed in eq. (2) for a given ma te rial (Z)
and elec tron ki netic en ergy (E). Let m = cos q, eq. (2)
becomes
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Integrals in eq. (5) can be eval u ated to very high
ac cu racy with Gauss-Legendre quad ra ture for mula.
The n point Gauss-Legendre quad ra ture has the form
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where xi are the n-ze ros of the nth or der Legendre poly -
no mial. We have used two points Gauss-Legendre
quad ra ture to eval u ate the in te gral in eq. (5) with x1,2 =
= ±1/31/2 and w1 = w2 = 1. The max i mum num ber of co -
ef fi cients that can be ob tained from our code are
20,000. 

Af ter the cal cu la tion of Legendre co ef fi cients, the 
GS dis tri bu tion of mul ti ple scat ter ing has been eval u -
ated ac cord ing to the eq. (1). We have used up to 1000
terms of the Goudsmit-Saunderson se ries and found
that, for lead and alu mi num, the con ver gence of the se -
ries can be achieved for pathlengths as low as 10 mfp at
1 MeV and for pathlengths as low as 5 mfp at 100 keV.
Fig ure 2 shows the cal cu lated mul ti ple scat ter ing an gu -
lar dis tri bu tion for 100 keV and 1 MeV elec trons with
var i ous pathlengths in ci dent on alu mi num.
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Fig ure 1. Dif fer en tial cross
sec tion for elas tic scat ter ing of
elec trons in ci dent on lead and
alu mi num with var i ous ki netic
en er gies cal cu lated by us ing
Dirac par tial wave
pro gram ELSEPA [25]

Fig ure 2.
Goudsmit-Saunderson
dis tri bu tion (eq. 1) of
(a) 100 keV and (b) 1 MeV
elec trons in ci dent on
alu mi num



Hy brid sam pling method

Un for tu nately, sam pling di rectly from GS dis tri -
bu tion of mul ti ple scat ter ing is computationally ex ten -
sive and pre vi ously very large pre-com puted data ta -
bles have been used [19, 21, 22] with a lim ited
ac cu racy due to the nu mer i cal in te gra tion and in ter po -
la tion be ing used for sam pling an gu lar dis tri bu tions.
EGS5 [20] uses a Wentzel shape an a lyt i cal func tion
with ad just able pa ram e ters de ter mined from the fit ting 
of the GS dis tri bu tion func tion, but this method is,
how ever, still computationally ex ten sive as it re quires
the cal cu la tion of GS dis tri bu tion func tion at 287 an -
gle points [20].

In this study, an ef fi cient and ac cu rate hy brid
sam pling method has been de vel oped which uses ef fi -
cient re jec tion sam pling method for larger path lengths 
(~500 mfp and above) and for low elec tron en er gies
(<500 keV) while for small path lengths, a sim ple, ef fi -
cient and ac cu rate an a lyt i cal dis tri bu tion func tion has
been pro posed. The later uses ad just able pa ram e ters
de ter mined from the fit ting of Goudsmit-Saunderson
an gu lar dis tri bu tion and re quires less num ber of terms
(~100 terms) for fit ting as com pared to EGS5 [20].  

Re jec tion sam pling, for low
en ergy and lon ger path lengths

For low en ergy and lon ger path lengths (s ³ 500 mfp 
and  E < 500 keV), a com pos ite ap proach for di rect and re -
jec tion sam pling has been used. The mul ti ple scat ter ing
an gu lar dis tri bu tion func tion F(s, q) for a given E and Z is

F s F s( , ) sin ( , )q q q= GS (7)

As can be seen from fig. 2, FGS (s, q) is rel a tively
flat over the in ter val [0, p] for lon ger path lengths and
low elec tron ki netic en ergy and, there fore, can be used
for re jec tion sam pling while di rect sam pling (in -
verse-trans form) method has been used to sam ple q
from the dis tri bu tion sin q in the in ter val [0, p]. 

An a lyt i cal func tion

Ex cept for s ³ 500 mfp and E < 500 keV, the an -
gu lar dis tri bu tion is sam pled from a fairly sim ple and
ac cu rate an a lyt i cal func tion with ad just able pa ram e -

ters de ter mined from the fit ting of GS dis tri bu tion. For 
given s, E, and Z, the an a lyt i cal func tion G (q) has the
form
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where q is the po lar an gle and can take val ues from 0 to 
p. a,      b, and h are ad just able pa ram e ters de ter mined by
fit ting to the GS dis tri bu tion func tion for given E, Z,
and s. To achieve good ac cu racy we di vided the po lar
an gle range into 100 steps be tween 0 and p with a
higher den sity near 0 be cause the dis tri bu tion is
heavily for ward peaked. The fits are ac cu rate enough
for sam pling an gu lar dis tri bu tion of mul ti ple scat ter -
ing. Com par i sons be tween the an a lyt i cal func tion de -
ter mined by eq. (8) and the orig i nal GS dis tri bu tion
func tion are plot ted in fig. 3. 

The unique ness of the pro posed an a lyt i cal form
is that G(q) has an a lyt i cal in te gral and the cor re spond -
ing cu mu la tive prob a bil ity dis tri bu tion func tion has
an a lyt i cal in verse for both cases, and there fore di rect
sam pling pro ce dure (in verse trans form method) was
ap plied to sam ple q.

The po lar an gle is then sam pled as
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where r1 and r2 are ran dom num bers uni formly dis trib -
uted over [0, 1]. C is nor mal iza tion con stant and can be 
cal cu lated an a lyt i cally. This al go rithm re quires ei ther
one log or one Log-Log and two ex po nen tial cal cu la -
tions in eq. (9).  Be sides this, the al go rithm is ef fi cient
be cause the di rect sam pling method is used.

Sam pling al go rithm

As sem bling all the sam pling pro ce dures, the al -
go rithm for sam pling an gu lar de flec tions from GS dis -
tri bu tion of mul ti ple scat ter ing for given E, Z, and s has 
the fol low ing com pact form.
(1) In put: Elec tron en ergy (E), Ma te rial (Z), Path

lengths (s).
(2) Out put: Po lar an gle q.
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Fig ure 3. Com par i sons of
mul ti ple scat ter ing an gu lar
dis tri bu tion of (a) 1 MeV and (b)
50 keV elec trons in ci dent on
lead, ob tained with GS
dis tri bu tion and an a lyt i cal
func tion (eq. 8). All plots are
nor mal ized to unity



(3) If  E £ 500 keV and s > 500 mfp, use re jec tion sam -
pling method as be low.

(a)      (a) Cal cu late FGS(max) = F(0, s).
(b) (b) Gen er ate two ran dom num bers r1 and r2

            over the in ter val [0, 1].
(c) (c) Sam ple  q  from the dis tri bu tion sin q as

      q = cos–1 (1 – 2r1)
(d  ) (d) If r2 £ FGS (q, s)/FGS(max) ac cept q, else, go to

......step ii.
   Else: Sam ple q from eq. (9)
Ef fi ciency and ac cu racy of this sam pling al go -

rithm is dis cussed in the following section.

RESULTS AND DIS CUS SION

Sam pling ac cu racy

This sec tion con cerns the ver i fi ca tion that the
an gu lar sam pling al go rithms work as ex pected. The
ver i fi ca tion is per formed by com par ing the Monte
Carlo sam pled an gu lar dis tri bu tion with the the o ret i -
cal ex pres sions. In fig. 4, the sam pled an gu lar dis tri bu -
tions from re jec tion sam pling are plot ted with the the -
o ret i cal ex pres sion given in eq. (7). The ac cu racy of
an gu lar sam pling us ing an a lyt i cal func tion, eq. (8),
which is de ter mined by fit ting GS dis tri bu tion has also
been checked and the com par i son is plot ted in fig. 5.
The smooth curves in figs. 4-5 are from the o ret i cal ex -
pres sions and his to grams pres ent sam pled an gu lar dis -
tri bu tion from Monte Carlo sim u la tion. All plots are
nor mal ized.

Sam pling ef fi ciency

The sam pling ef fi ciency of the an gu lar sam -
pling, based on the re jec tion sam pling al go rithm is

plot ted in fig. 6. The sam pling ef fi ciency is de fined as
the ra tio of the ac cepted sam pled val ues to the to tal
num ber of tri als. We have cal cu lated the ef fi ciency in
terms  of  pathlengths  (s) for 100 keV, 300 keV, and
500 keV elec trons in ci dent on alu mi num and lead. 

One can re al ize that the sam pling ef fi ciency
based on re jec tion sam pling method is gen er ally very
good for low en ergy elec trons with lon ger pathlengths
(>500 mfp) in ci dent on lead. The sam pling ef fi ciency
for alu mi num de creases, at most, to 8 % at 500 keV
elec trons, when s = 500 mfp and then in creases 35 %
up  to  3000 mfp. For 100 keV elec trons in ci dent on
alu mi num the sam pling ef fi ciency is at least 50 % for s
³500 mfp. It can be seen from fig. 6 that the re jec tion
sam pling tech nique em ployed here is very ef fi cient for 
elec tron ki netic en er gies less than 500 keV and
pathlengths greater than 500 mfp.

Ex per i men tal ver i fi ca tion

The mul ti ple scat ter ing an gu lar dis tri bu tions of
20 MeV elec trons in ci dent on alu mi num have been
com pared with the mea sure ments of Ross et al. [27].
The 1/e widths  of  the dis tri bu tions (q1/e) ob tained
with 20 MeV elec trons in ci dents on Al foils of thick -
ness 70.1 mgcm–2, 140 mgcm–2, 274 mgcm–2, and 414
mgcm–2 are given in tab. 1. In gen eral, the cal cu lated
dis tri bu tions are nar rower than the mea sured dis tri bu -
tions. The max i mum dif fer ence be tween the cal cu -
lated and the mea sured dis tri bu tion is 3.9 % .

The dif fer ence was cal cu lated as the ra tio of the
dif fer ence be tween the cal cu lated and mea sured val -
ues and the mea sured val ues. The dif fer ence shows
that our cal cu lated GS dis tri bu tion is very much com -
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Fig ure 4. Mul ti ple scattering 
an gu lar dis tri bu tions, for (a) 
100 keV elec trons
in ci dent on alu mi num and
(b) 50 keV elec trons
in ci dent on lead

Fig ure 5. Mul ti ple scat ter ing 
an gu lar dis tri bu tions, for (a) 
500 keV elec trons in ci dent
on alu mi num and (b) 10
MeV elec trons in ci dent on
lead



pa ra ble with the mea sured dis tri bu tions of Ross et al.
[27]. Hence, the Sam pling of an gu lar dis tri bu tions is
fully con sis tent with the ex per i men tal mea sure ments.

CON CLU SIONS

It can be con cluded that the pro posed al go rithm
pro vides ac cu rate and ef fi cient meth ods for sam pling
mul ti ple scat ter ing an gu lar de flec tions based on GS dis -
tri bu tion func tion. The hy brid method pro vides very ac -
cu rate treat ment of pho ton an gu lar dis tri bu tion by low as
well as high en ergy in ci dent elec trons. Fig ure 6 shows
that the re jec tion sam pling is very ef fi cient for low elec -
tron ki netic en er gies (<500 keV and pathlengths lon ger
than 500 mfp). The parameterization of the GS dis tri bu -
tion func tion given by eq. (8) pro vides a very ac cu rate fit
as shown in fig. 3. There fore, the sim u lated an gu lar dis -
tri bu tion is fully con sis tent with the most ac cu rate and re -
li able the ory at pres ent. The sam pling al go rithm based on 
this method is rel a tively faster than pre vi ously de vel oped 
ap proaches [20]. The ex per i men tal ver i fi ca tion of our
cal cu lated GS dis tri bu tion is very much com pa ra ble with 
the mea sured dis tri bu tions of Ross et al. [27] and hence
the Sam pling of an gu lar dis tri bu tions based on this
model is very ac cu rate. 

It is worth men tion ing that the pro posed al go -
rithm for sam pling mul ti ple scat ter ing an gu lar dis tri -
bu tions can be used for a wide range of in ci dent elec -
tron en er gies and ma te ri als and hence suit able for
gen eral pur pose Monte Carlo sim u la tions.
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Muhamad Ab dul VASAJE, Huej VANG, Hua|ing XENG, Peng~eng LUNG, Hamza NAIM

HIBRIDNI  MODEL  ZA  UZORKOVAWE  UGAONOG  SKRETAWA
VI[ESTRUKOG ELASTI^NOG  RASEJAWA  ZASNOVAN  NA 

GAUDSMIT-SAUNDERSONOVOJ TEORIJI

Prikazan je algoritam za Monte Karlo simulaciju elektronskog vi{estrukog
elasti~nog rasejawa zasnovanog u okviru SuperMC programa (Super Monte Karlo simulacioni pro -
gram za nuklearni i radijacioni proces). Ovaj rad opisuje efikasne i ta~ne metode pomo}u kojih se
uzorkuje ugaono skretawe pri vi{estrukom rasejawu pri ~emu se koristi Goudsmit-Saundersonova
teorija vi{estrukog rasejawa. Diferencijalni presek elektrona i pozitrona na neutralnim
atomima izra~unat je pomo}u programa ELSEPA koji je zasnovan na Dirakovom parcijalnom talasu, a 
Le`androvi koeficijenti precizno su izra~unati pomo}u metode Gaus-Lea`androve integracije.
Na kraju, razvijena je nova hibridna metoda za uzorkovawe ugaone raspodele. Model koristi
efikasnu metodu odbacivawa uzoraka za niske energije elektrona (<500 keV) i ve}e du`ine puteva
(>500 sredwih slobodnih du`ina). Za male du`ine, predlo`ena je jednostavna, efikasna i ta~na,
analiti~ka funkcija raspodele koja koristi parametre pode{avawa odre|ene fitovawem
Gaudsmit-Saundersonove ugaone raspodele i prikazana je diskusija o efikasnosti uzorkovawa i
ta~nosti novo razvijenog algoritma. Efikasnost algoritma odbacivawa uzoraka  iznosi najmawe
50 % za elektrone sa kineti~kim energijama mawim od 500 keV i ve}im du`inama puteva (>500
sredwih slobodnih du`ina). Rezultati Monte Karlo simulacije upore|eni su sa merenim ugaonim
raspodelama Rosa i saradnika (2008) i pokazana je dobra saglasnost.

Kqu~ne re~i: Monte Karlo, vi{estruko rasejawe, Gaudsmit-Saunderson, SupieMC,
..........................diferencijalni presek za sudar, ugaona raspodela, ELSEPA


