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The flux ex pan sion nodal method is a suit able method for con sid er ing nodalization ef fects in
node cor ners. In this pa per we used this method to solve the intra-nodal flux an a lyt i cally.
Then, a com puter code, named MA.CODE, was de vel oped us ing the C# pro gram ming lan -
guage. The code is ca pa ble of re ac tor core cal cu la tions for hex ag o nal ge om e tries in two en ergy 
groups and three di men sions. The MA.CODE im ports two group con stants from the WIMS
code and cal cu lates the ef fec tive mul ti pli ca tion fac tor, ther mal and fast neu tron flux in three
di men sions, power den sity, re ac tiv ity, and the power peak ing fac tor of each fuel as sem bly.
Some of the code's mer its are low cal cu la tion time and a user friendly in ter face. MA.CODE
re sults showed good agree ment with IAEA benchmarks, i. e. AER-FCM-101 and
AER-FCM-001.
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IN TRO DUC TION

The re ac tor core is a het er o ge neous me dium
with a lim ited size. When neu trons are dis trib uted
through out the core, they may be ab sorbed by fuel,
mod er a tor, cool ant, clad, and struc tural ma te ri als, or
may leak out from the bor ders. The ex act so lu tion of
core space equa tions is very im por tant in the cal cu la -
tion of fuel burn-up and tran sient anal y sis. In or der to
con vert the prob lem into a ho mo ge neous me dium, the
core is usu ally di vided into many ar eas.

A large num ber of ap prox i ma tion meth ods have
been de vel oped to en able a more computationally trac -
ta ble so lu tion for the ef fec tive mul ti pli ca tion con stant
and flux dis tri bu tion in re ac tor cores. These meth ods
can gen er ally be clas si fied as nodal, coarse-mesh, or
syn the sis meth ods [1].

Nodal meth ods char ac ter ize the global neu tron
flux dis tri bu tion in terms of a small num ber of pa ram e -
ters in each of the sev eral large re gions, or nods, into
which the re ac tor core is sub di vided for this pur pose.
Such meth ods gen er ally re quire de tailed het er o ge -
neous intra-nodal flux dis tri bu tions to con struct ho -
mog e nized pa ram e ters for each of the many nods into
which a re ac tor core may be di vided and to cal cu late
cou pling pa ram e ters that link the av er age flux so lu tion 
in ad ja cent nodes. Global av er age nodal fluxes must
then be com bined with the intra-nodal het er o ge neous

flux so lu tion if a het er o ge neous flux dis tri bu tion is re -
quired [1].

 Con ven tional nodal meth ods are the first class
of nodal mod els. The ba sis of such meth ods is the rep -
re sen ta tion of the neu tron flux or neu tron fis sion rate
within each of the many ho mog e nized fuel as sem blies
by a sin gle nodal av er age flux or fis sion rate that is
cou pled to the av er age flux or fis sion rate in ad ja cent
nodes by the intra-nodal dif fu sion of the fast neu tron
which is rep re sented by cou pling co ef fi cients [1].

The trans verse in te grated nodal method (TINM)
is the sec ond class of nodal meth ods. These meth ods
have been for mu lated on the ba sis of in te grat ing the
3-D dif fu sion equa tion over two trans verse di rec tions
so as to ob tain a 1-D dif fu sion equa tion, with trans -
verse leak age terms, which can be solved within a
node by ap prox i mat ing the de pend ence on the re main -
ing spa tial vari able, usu ally with a poly no mial. These
meth ods are con sis tently for mu lated in that they re -
duce the limit of small node sizes to the con ven tional
fi nite-dif fer ence method for the ho mog e nized re ac tor
model [1]. Among them, ANC-H [2, 3] and the an a lyt -
i cal func tion ex pan sion nodal (AFEN) method [4, 5]
are most no tice able. They both elim i nate the dif fi cul -
ties of per form ing trans verse in te gra tion in hex ag o nal
ge om e try and pro vide an ac cu rate so lu tion for var i ous
types of re ac tors. The ANC-H code con verts hex ag o -
nal ge om e try into square ge om e try and squared re la -
tion ships in the Car te sian sys tem. In this method, due
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to the con ver sion of hex ag o nal to square, the Jacobi el -
lip tic func tion is dif fi cult to es tab lish [6]. 

The AFEN method di rectly solves multi-group
neu tron dif fu sion equa tions and its re sponse to the
sep a ra tion of an a lytic func tions can be con sid ered,
while neu tron dif fu sion equa tions have a good ac cu -
racy of so lu tions in all parts. The sur face av er aged flux 
and six points' cor ner fluxes are con sid ered the cou -
pling nodal bound ary con di tions. In this method, due
to the ad di tion of bound ary con di tions, com pu ta tional
com plex ity in creases [6].

In flux ex pan sion nodal method (FENM), the
intra-nodal fluxes were ex panded into a set of an a lytic
ba sis func tions for each group. They im proved the
nodal cou pling re la tions and a new type of nodal
bound ary con di tions which re quire the con ti nu ity of
both the zero- and first-or der mo ments of par tial cur -
rents across the nodal sur faces was pro posed [6].

In this pa per we used the FENM with the in tro -
duc tion of the vol u met ric av er age flux  (jtotal). Tak ing
into ac count the ex ter nal bound ary con di tions and the
con ti nu ity of par tial cur rents in the vi cin ity of nodal
sur faces, we have cal cu lated the flux co ef fi cients for
each node. By sub sti tut ing the flux co ef fi cients in the
vol u met ric av er age flux cor re la tion, the av er age neu -
tron flux for each group and node was achieved in or -
der to be used for the cal cu la tion of Keff from the
Power-Method. Then, a com puter code, the so-called
MA.CODE, was de vel oped us ing C# to cal cu late the
ther mal and fast neu tron flux in three di men sions,
power den sity, re ac tiv ity and the power peak ing fac tor
of each fuel as sem bly.

Com pared to IAEA benchmarks AER-FCM-101&
AER-FCM-001, MA.CODE re sults showed good agree -
ment.

METH ODS  OF CAL CU LA TION

The first step in de riv ing nodal equa tions is the
ex trac tion of the neu tron bal ance equa tion us ing the
Boltzmann trans port equa tion by in te grat ing over all
mov ing neu tron di rec tions, en ergy groups and the vol -
ume of the node. The ma trix form of the two-group dif -
fu sion equa tion in three-di men sional hex ag o nal ge -
om e try is
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By sum ma riz ing the above equa tions in ma trix
form, we have
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For the two groups of neu tron en ergy, c1= 1 and
c2 = 0, up-scat ter ing is as sumed zero (i. e. S21 = 0).
Also, by know ing that Sr1 = St1 - S11, Sr2 =  St2 – S22 the 
Eigen value equa tion could be writ ten as

Ñ = + =2 0j lj l, det( )I A (4)
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For sim pli fi ca tion, we use the fol low ing ap prox -
i ma tion
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In eq. (9),. l0 and l1 are called fun da men tal
buck ling and first har monic buck ling, re spec tively [7]. 
For the two eigenvalues of  l, the eigenmatrix A is de -
fined as
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The aux il iary flux could be de fined as a poly no -
mial [6].
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Eight in ter face par tial cur rents and 10 first-or der 
mo ments of the in ter face par tial cur rents as the bound -
ary con di tions that con strain intra-nodal flux dis tri bu -
tions in the hex ag o nal node are shown in fig. 1 [6].
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+ cosh x and e–x = cosh x – sinh x eq. (11) by us ing ar bi -
trary unit vec tors of eq. (12) could be ex panded into
the fol low ing form
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From eqs. (10) and (11) for the two groups of neu tron
en ergy in two modes, the fol low ing for mula is ob -
tained
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The so lu tion of eq. (15) leads to four sets of two
equa tions in which four equa tions must be zero
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The so lu tions to eq. (16) are

M. Mohammadnia, et al.: De vel op ment of a Com puter Code for Neutronic ...
Nu clear Tech nol ogy & Ra di a tion Pro tec tion: Year 2013, Vol. 28, No. 3, pp. 237-246 239

Fig ure 1. Co-or di nate sys tem for the hex ag o nal node
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The re la tion be tween the aux il iary flux and the
intra-nodal flux is
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In this equa tion, the intra-nodal flux is on the left
and the sec ond ma trix on the right side of the equa tion
is the aux il iary flux.

Eigh teen un known co ef fi cients for Aml and Bml, 
in two modes (m = 0, m = 1) and two en ergy groups are
ob tained from the  an a lyt i cal in te gra tion of eq. (18).
The bound aries of the sur face integrals are in tro duced
in fig. 2.

Ac cord ing to the in te gral bound aries, eq. (18) for
sur face num ber 1 and for modes 0 and 1 be comes
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For the pur pose of con cise ness, cor re la tions for
sur faces 2-6 are not given here.

Co ef fi cients for Am and Bm from the above equa -
tions are de fined by us ing new pa ram e ters named
gamma fac tors. The said gamma fac tors are in tro -
duced in or der to ben e fit from the sym me try of the
hex ag o nal node. They are func tions of Km (buck ling
mode) and H (pitch).
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For mode 0, the afore men tioned Am and Bm co ef -
fi cients are given in tab. 1. 

For cal cu lat ing j
g

r

,1

0  when l > 0 ( l < 0 ) we have
to add the re sults of mul ti pli ca tion of the first col umn
by the sec ond (third) col umn for each row. This is the
case with other ta bles as well.

The av er age sur face cur rent for mode 0 and 1 for
sur face 1 can be writ ten as 
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Ta ble 2 shows cur rent co ef fi cients for Am and Bm.
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Cor re la tions for the flux and cur rent for the up -
per sur face (+h) and the lower sur face (–h) with their
in te gral bound aries showed in figs.  1 and  2 are
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Fig ure 2. In te gral bound aries of a hex ag o nal node



Equa tion 30 shows the av er age par tial cur rent in
the two modes and two groups of neu tron en ergy for
the six lat eral sur faces of the hex ag o nal node, while
eq. (31) is for the up per and lower sur faces.

J J g kg k

r

g k
r

g k
r

,

, ,

,
,

,
,

, , , , , , ,
m m m

m
±

= ± = = =
1

4

1

2
1 2 0 1 1 2 6F K

(30)

J J g kg k

z

g k
z

g k
z

,

, ,

,
,

,
,

, , , , , ,
m m m

m
±

= ± = = =
1

4

1

2
1 2 0 1 1 2F

(31)

J
-

and  J
+

as the zero and first mo ment of the in -
ter nal and ex ter nal cur rents are de fined in eqs. (32) and 

(33) in which G
-
 and G

+
are con stant ma trixes whose

ar rays de pend on Keff  and node group dif fu sion. C is a
ma trix which de fines intra-nodal flux co ef fi cients

J
- -

= G C (32)

J
+ +

= G C (33)

Ma trix C is cal cu lated in an it er a tive pro cess be -
tween eqs. (32) and (33).  J

-
in eq. (32) de pends on ex -

ter nal bound ary con di tions and ex ter nal cur rents from
neigh bor ing nodes. We used the Gauss elim i na tion
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Ta ble 1. Flux coefficients of first side (m = 0)

Coefficient when lm > 0 Coefficient when lm < 0

Am1 (Y3)
–1(cosh Y1 – cosh Y2) (Y3)

–1(cos Y2 – cos Y1)

Am2 (Y3)
–1(cosh Y1 – cosh Y2) (Y3)

–1(cos Y2 – cos Y1)

Am3 (Y1)
–12sinh 3 1Y /2 sinh Y1/2 (Y1)

–12sin 3 1Y /2 sin Y1/2

Am4 (Y2)
–1(cosh Y1 – cosh Y3) (Y2)

–1(cos Y3 – cos Y1)

Am5 (Y2)
–1(cosh Y3 – cosh Y1) (Y2)

–1(cosh Y3 – cosh Y1)

Am6 (Y1)
–12sinh 3 1Y /2 sinh Y1/2 (Y1)

–12sinh 3 1Y /2 sin Y1/2

Am7,  Am9 0 0

Am8 2 3 21
4 1( ) sinh sinh /k h Y Ym

- 2 3 21
4 1( ) sin sinh /k h Y Ym

-

Bm1 (Y3)
–1(sinh Y1 – sinh Y2) (Y3)

–1(sin Y1 – sin Y2)

Bm2 (Y3)
–1(sinh Y1 – sinh Y2) (Y3)

–1(sin Y1 – sin Y2)

Bm3 (Y1)
–12cosh 3 1Y /2 sinh Y1/2 (x1)

–12cos 3 1Y /2 sin Y1/2

Bm4 (Y2)
–1(sinh Y1 – sinh Y3) (Y2)

–1(sin Y1 – sin Y3)

Bm5 (Y2)
–1(sinh Y1 – sinh Y3) (Y2)

–1(sin Y1 – sin Y3)

Bm6 (Y1)
–12cosh 3 1Y /2 sinh Y1/2 (Y1)

–12cos 3 1Y /2 sin Y1/2

Bm7 ( ) sinhk h Ym
-1

42 ( ) sink h Ym
-1

42

Bm8 2 31
4 1( ) sinh coshk h Y Ym

- 2 3 21
4 1( ) sin cos /k h Y Ym

-

Bm9 2 3 21
4 1( ) sinh sinh /k hH Y Ym

2 - 2 3 21
4 1( ) sin sin /k hH Y Ym

2 -

Ta ble 2. Cur rent co ef fi cients of first side (m = 0)

lm > 0 lm < 0

Am1 km cos p/12(Y3)
–1(sinh Y1 – sinh Y2) km cos p/12(Y3)

–1(sin Y1 – sin Y2)

Am2 km cos p/12(Y3)
–1(sinh Y1 – sinh Y2) km cos p/12(Y3)

–1(sin Y1 – sin Y2)

Am3 k Y Y Ym cos / ( ) cosh / sinh /p 4 2 3 2 21
1

1 1
- k Y Y Ym cos / ( ) cos / sin /p 4 2 3 2 21

1
1 1

-

Am4 k Y Y Ym sin / ( ) (sinh sinh )p 12 2
1

1 3
- - k Y Y Ym sin / ( ) (sin sin )p 12 2

1
1 3

- -

Am5 k Y Y Ym sin / ( ) (sinh sinh )p 12 2
1

1 1
- - k Y Y Ym sin / ( ) (sin sin )p 12 2

1
3 1

- -

Am6 - -k Y Y Ym cos / ( ) cosh / sinh /p 4 2 3 2 21
1

1 1 - -k Y Y Ym cos / ( ) cos / sin /p 4 2 3 2 21
1

1 1

Am7, Am9 0 0

Am8 h Y Y-1
4 13 2sinh cosh / h Y Y-1

4 13 2sin cos /

Bm1 k Y Y Ym cos p/ ( ) (cosh cosh )12 3
1

1 2
- - km cos p/12(Y3)

–1(cos Y2 – cos Y1)

Bm2 km cos p/12(Y3)
–1(cosh Y1 – cosh Y2) km cos p/12(Y3)

–1(cos Y2 – cos Y1)

Bm3 k Y Y Ym cos / ( ) sinh / sinh /p 4 2 3 2 21
1

1 1
- k Y Y Ym cos / ( ) sin / sin /p 4 2 3 2 21

1
1 1

-

Bm4 k Y Y Ym sin / ( ) (cosh cosh )p 12 2
1

1 3
- - k Y Y Ym sin / ( ) (cos cos )p 12 2

1
3 1

- -

Bm5 k Y Y Ym sin / ( ) (cosh cosh )p 12 2
1

1 3
- - k Y Y Ym sin / ( ) (cos cos )p 12 2

1
3 1

- -

Bm6 k Y Y Ym cos / ( ) sinh / sinh /p 4 2 3 2 21
1

1 1
- k Y Y Ym cos / ( ) sin / sin /p 4 2 3 2 21

1
1 1

-

Bm7, Bm9 0 0

Bm8 h Y Y-1
4 13 2sinh sinh / h Y Y-1

4 13 2sin sin /



method to de ter mine C in eq. (32). Then, by sub sti tut -
ing ma trix C in eq. (33), ex ter nal par tial cur rents were
cal cu lated. The ex ter nal cur rents from the node are the
in ter nal cur rents of the neigh bor ing nodes.

Fi nally, the vol u met ric av er age flux for the hex -
ag o nal node is ob tained in eq. (34) by sub sti tut ing the
flux co ef fi cients in the vol u met ric av er age flux cor re -
la tion; the av er age neu tron flux for each group and
node is achieved in or der to be used for the cal cu la -
tion of Keff from the power-method.
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The whole pro ce dure for the MA.CODE is
sketched in the flowchart of fig. 3.

In a user friendly en vi ron ment, the MA.CODE
re quires a num ber of nodes in the ra dial and ax ial di -
rec tions, as well as the lat tice pitch and bound ary con -
di tions for hex ag o nal nodes. The code is cou pled with
WIMS D5 and reads the cross-sec tions from WIMS
au to mat i cally (see fig. 4).

The core con fig u ra tion sketched in the
MA.CODE can be seen in fig. 5.

CON CLU SION AND DIS CUS SION

In this pa per we have used the FENM with the
in tro duc tion of the vol u met ric av er age flux (jtotal).
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Fig ure 3. Flowchart of MA.CODE

Fig ure 4. Main win dow of the MA.CODE

Fig ure 5. Core con fig u ra tion in the MA.CODE



Tak ing in con sid er ation the ex ter nal bound ary con di -
tions and the con ti nu ity of par tial cur rents in the vi cin -
ity of nodal sur faces, we have cal cu lated the flux co ef -
fi cients for each node. By sub sti tut ing the flux
co ef fi cients in the vol u met ric av er age flux cor re la tion, 
the av er age neu tron flux for each group and node is
achieved. Thus, Keff can be eas ily cal cu lated from the
Power-Method.

By the an a lyt i cal so lu tion of the integrals of
flux and cur rent on the sur face of the hex ag o nal
node with re spect to fig. 1, fig. 2, and eqs. (19) to
(29), us ing the sym me try of the hex ag o nal node and
con sid er ing eq. (21), we have ob tained sig nif i cant
re sults con cern ing the re la tion be tween the flux and
cur rent co ef fi cients us ing the buck ling mode. In two 
par al lel node sur faces, Am flux and cur rent co ef fi -
cients in m = 0, (lm > 0,  and lm < 0) are sym met ric
and Bm flux and cur rent co ef fi cients are equal, but in
m = 1 this is re verse. 

For the sake of benchmarking, we have com -
pared the re sults from the flux ex pan sion nodal
method (FENM) us ing our code (MA.CODE) with
two IAEA benchmarks, i. e. AER-FCM-101 [8], also
known as the Schulz bench mark and AER-FCM-001
[9], known as Seidel's bench mark.

The FENM method pro posed in this pa per
shows a good agree ment with these two benchmarks.
The ef fec tive mul ti pli ca tion fac tor for the Schulz
bench mark was 1.04953, while our code cal cu lates
1.049848 (i. e. 0.03% er ror). The com par i son be tween
MA.CODE fuel as sem bly rel a tive power den si ties
with the AER-FCM-101 bench mark is given in fig. 6.
Rel a tive power den si ties from the MA.CODE and
AER-FCM-101benchmark for fuel as sem bly no. 1 are
also com pared in fig. 7.

The ef fec tive mul ti pli ca tion fac tor for Seidel's
bench mark was 1.011470, while our code cal cu lates
1.012104 (i. e. 0.06% er ror). The com par i son be tween
the MA.CODE fuel as sem bly rel a tive power den si ties
and the AER-FCM-001 bench mark is given in fig. 8.
Rel a tive power den si ties from the MA.CODE and
AER-FCM-001benchmark for fuel as sem bly no. 1 are
also com pared in fig. 9.

AU THOR CON TRI BU TIONS

The the o ret i cal anal y sis was car ried out by M.
Mohammadnia and A. Pazirandeh. An a lyt i cal so lu -
tions of the equa tions and C# pro gram ming com puter
code were car ried out by M. Mohammadnia. The
manu script was prepared by all au thors and the fig ures
and ta bles by M. Mohammadnia and A. Pazirandeh.
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Fig ure 6. Com par i son be tween MA.CODE  re sults with AER-FCM-101 (Schulz) benchmark

Fig ure 7. Com par i son be tween rel a tive power den si ties
from MA.CODE with AER-FCM-101 (Schulz)
bench mark for fuel as sem bly no. 1
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Fig ure 8. Com par i son be tween MA.CODE re sults with AER-FCM-001 (Siedel's) bench mark (OS CAR)

Fig ure 9. Com par i son be tween rel a tive power den si ties
from MA.CODE with AER-FCM-001 (OS CAR)
bench mark for fuel as sem bly no. 1
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Mejsam MOHAMADNIJA, Ali PAZIRANDEH, Mostafa SEDIGI

RAZVOJ  PROGRAMA  ZA  NEUTRONSKE  PRORA^UNE  JEZGRA
NUKLEARNOG  REAKTORA  SA  HEKSAGONALNOM  ]ELIJOM

METODOM  NODALNOG  RAZVOJA  FLUKSA

Metoda nodalnog razvoja fluksa pogodna je za razmatrawe efekta nodalizacije u nodnim
uglovima, a u ovom radu kori{}ena je za analiti~ko re{avawe me|unodalnog fluksa. Na ovoj
osnovi razvijen je ra~unski pro gram pod imenom MA.CODE u programskom jeziku C#. Pro gram je
osposobqen za prora~un reaktorskog jezgra sa heksagonalnom geometrijom }elije, u dve energetske
grupe i tri dimenzije. Programom MA.CODE preuzimaju se dvogrupne konstante iz programskog
paketa WIMS i izra~unavaju efektivni faktor umno`avawa, fluksevi termalnih i brzih
neutrona u tri dimenzije, gustina snage, reaktivnost i faktor pika snage za svaki gorivni ansambl.
Me|u vrlinama programa su brzina prora~una i jednostavan korisni~ki pristup. Rezultati
programa MA.CODE dobro se sla`u sa IAEA testovima, na primer, AER-FCM-101 i AER-FCM-001.

Kqu~ne re~i: nodalna metoda, heksagonalna geometrija, raspodela neutronskog fluksa,
.........................MA.CODE


