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REFLECTION OF keV LIGHT IONS FROM SOLIDS
AT OBLIQUE AND GRAZING INCIDENCE
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The particle reflection coefficient of light keV ions backscattered from heavy targets
has been determined by two different analytical approaches: by the single collision
model in the case of nearly perpendicular incidence and by the small-angle multiple
scattering theory in the case of glancing angles of incidence. The obtained analytical
formulae are approximately universal functions of the scaled transport cross-section
describing the reflection of all light ions from heavy targets. Going from perpendicular
to grazing incidence, the transition from pure single to pure multiple scattering type of
reflection is observed. For larger values of the scaling parameter the results of these
theories cover the whole region of ion incident angles and the present estimates of the
particle reflection coefficient are in good agreement with the results obtained from the

empirical formula of Tabata et al.
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INTRODUCTION

The reflection of keV light ions from heavy solid
targets has been calculated in the multiple scattering
theory of ion ranges at relatively low energies [1, 2]
and within the single collision approximation at higher
energies [3, 4]. The very simple model of ion transport
— single scattering and screened Coulomb interaction
used in [3, 4] — has been extended to non-zero ion/tar-
get mass ratio [5] and recently modified by taking into
account the beam attenuation of initial and backscat-
tered ions through the target [6]. All these approaches
have predicted that particle and energy reflection coef-
ficients, plotted as functions of Thomas-Fermi re-
duced energy ¢, give universal curves describing the

Nuclear Technology & Radiation Protection
Scientific paper

UDC: 539.12-17

DOI: 10.2298/NTRP0903188V

! Atomic Physics Laboratory,
Vinca Institute of Nuclear Sciences
P. O. Box 522, 11001 Belgrade, Serbia

? Centre for Nuclear Technologies and Research,
Vinca Institute of Nuclear Sciences
P. O. Box 522, 11001 Belgrade, Serbia

* Faculty of Ecology and Environmental Protection,
Union University, 62-64, Cara Du$ana Str.
11000 Belgrade, Serbia

E-mail address of corresponding author:
vukanic@vinca.rs (J. Vukani¢)

total backscattering of a specified light projectile from
all heavy targets. Moreover, in many papers based on
experimental or computer simulation data, the reduced
energy &, has been utilized as a scaled parameter of the
reflection coefficients of ions [7].

However, in several recent papers on this subject
[8-10], a new scaled parameter v which represents the
mean number of the wide angle collisions of an ion dur-
ing slowing down has been adopted. For v>1, studies
based on the multiple collision model predict universal
functions for particle and energy reflection coefficients
for all light ions — heavy target combinations. Several
procedures have been applied to derive analytical ex-
pressions for reflection coefficients: Chandrasekhar’s
H-function method [8, 11], the P,-approximation with
the age theory [10], and the DPN method combined
with isotropic and anisotropic scattering kernel approx-
imations [12, 13]. In our previous paper [14] we have
investigated the validity of the scaling rule in the high
energy region, where the single collision model holds
and the ion reflection depends strongly on the shape of
the scattering cross-section [3, 4]. This analytical study
has been done for perpendicular ion incidence.

The purpose of this work is to explore the variation
of particle reflection coefficient with the angle of inci-
dence. Since hydrogen hits the first wall of the fusion de-
vice with a wide range of angles, analytical estimates in
the case of oblique and grazing incidence are of consider-
able importance. For light ions hitting heavy targets and
for not too-oblique incidence, the single collision model
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from [14] can be applied. Conversely, this model fails at
glancing incidence since multiple collisions dominate in
the reflection, even at very high energies. For grazing in-
cidence, the energy and angular distribution of backscat-
tered particles obtained from the transport theory in the
form of analytical solutions is available [15]. By using
these results, we shall calculate the reflection coefficient
at grazing incidence. These two different analytical ap-
proaches, used in [14, 15], give us reflection coefficients
in a wide range of incident angles at higher ion energies
that correspond to v < 2.

STOPPING POWER AND
SCATTERING LAW

The stopping power and scattering law describ-
ing the slowing down of keV light ions in heavy ran-
dom targets have been specified in refs. [14, 16]:

(1) All energy loss is due to electronic stopping
dE/dr = — NS.(E), which is assumed velocity propor-
tional S (EF) = KE'?. Here, N is the density of target
atoms, and K is a well defined constant. The ion energy
at the path length 7 is given by

2
E(r):EO(l—TJ (1)

To

where Ej is the initial ion energy, and

2
Tn =— E 2
o =7 VEo @
is the total path length.
(2) All scattering is due to nuclear collisions. The
Thomas-Fermi interaction is assumed, with the power
form approximation for the differential cross-section [ 14]

—4m
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where 6 is the laboratory scattering angle and g is the
initial ion energy in Thomas-Fermi units [17]
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Here, M and Z, are the atomic mass and atomic
number of the incident ion, while M, and Z, are the
corresponding values of the target atom, and « is the
Thomas-Fermi screening radius. The exponent m and
the matching parameter 4, are given by

To
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In egs. (5) and (6) s, is the reduced nuclear stop-
ping cross-section which is a universal function de-
pending on the details of the screened Coulomb inter-
action. We have chosen the Kr-C interaction as the best
estimate for various ion-target combinations [18].
The reduced nuclear stopping s, (&) for the Kr-C
potential has the form

05In(1+¢,)

g0 +010718g)°73*

)

Sn(go):

The exponent m is the continuous function of the
initial energy g, obtained by matching the reduced stop-
ping cross-section in value and slope. Equations (5) and
(6) together mach very accurately the Thomas-Fermi
cross-section for large scattering angles. The path
length dependent cross-section is the key quantity en-
tering the calculations of large-angle scattering events.

Conversely, the small-angle multiple collision pro-
cess is described by the mean square scattering angle per
unit path length (0%(E)) = Nj@zdo(E,H), rather than
by the differential cross-section [15]. By using the rela-
tion 0%~ (M,/M,)T/E, where® < 1and T'is the en-
ergy transferred in a single collision, one obtains
M, S, (E)

M, E
where S,(E) is the nuclear stopping cross-section. More-
over, in the case of grazing incidence, most of the back-
scattered ions emerge with energies close to the initial en-
ergy Ey. Provided the energy loss is small, one can write
<t9 AE )> ~ <9 2(E 0 )Pz const. Then, the mean square
scattering angle at the total path length is given by
02(E0)> 7o =2(M,/M)S(E,)/S(E,). The total path
length is most conveniently expressed in Thomas-Fermi
units [17]

<02(E)> =N (8)

M
Po =47‘n’0—72 =—4/€p 9)
M, M k
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M
where for M, > M,
1 M,
JA M,

A, is the mass number of the projectile. Going to
reduce units, we obtain

k= 0079327 (10)

<02(E0)>‘[0 :<92(80)>p0 :2& s, (g89)

.

(11)

THE SCALED TRANSPORT
CROSS-SECTION

As we have mentioned in Introduction, in recent
papers on light ion reflection in the low energy region
anew scaled parameter has been accepted [8-10]. This
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quantity, called the scaled transport cross-section, is
defined as
v=No(Ey)7o(E) (12)

where o (E) is the transport cross-section at the ini-
tial ion energy Ey. The dimensionless parameter repre-
sents the mean number of the wide angle collisions of
an ion during slowing down. For v > 1, studies based
on the multiple collision model predict universal func-
tions for particle and energy reflection coefficients for
all light ion — heavy target combinations.

It is shown in our previous paper [14] that the
scaled transport cross-section remains a convenient
scaled parameter for light ion reflection in the upper
keV energy region where the single collision model
can be applied. For light keV ions in heavy targets, the
parameter is proportional to the ratio of the nuclear to
the electronic stopping cross-section

v:& Sn(Eo)zﬁsn(go)
Ml Se(EO) M1 k &g

(13)

TOTAL BACKSCATTERING IN SINGLE
COLLISION APPROXIMATION

A single collision backscattering event is shown
infig. 1. Alight ion with the initial energy £, is incident
atan angle o, with respect to the inward surface normal
and penetrates the target. In an elastic collision with a
target atom, which occurs at the path lengthz, the ion is
scattered through the angle 0, and after traveling the
path length 7, cos g/ |cos of it leaves the solid. o and ¢
are the polar and azimuthal angles of the exit direction
with respect to the inward surface normal.

For M, > M, recoil energy loss can be neglected.
Then, the ion energy at the arrival back to the surface is
given by

2
E=E|r| 1+ 5% |- g [1-Ts| 1+ 525% |14)
‘COS (X‘ TO ‘COS a‘

The scattering angle 8 is connected with the an-
gles of incidence and emergence through

cosO =cosa, cos o +sina, sinacos ¢ (15)

Within the single collision model, the probabil-
ity W(E,,cos a,, E,cos o, ¢ JEd|cos afdg for an ion to
be backscattered with the energy (£, dE) into the solid
angle d‘cos a‘dgb in (o, ¢) direction is given by [4]

W(E,,cos o, E,cos o, ¢ )dEd[cos ojdp =

NN, ,0) 0 dE djcos oldg (16)
OF
where
N(z,.0)=37:0) (17)
21 sin 0dO

Figure 1. A backscattering event in the single collision
geometry

Byusingegs. (3), (14), and (15), and going to the
reduced units, eq. (16) becomes
W(E,cosa,E,cosa,p)dE =
=w(g,c0s g ,E,c08 o, ¢ )de =
_2™ Ay M, feosal
n k M, e

(cos &g +[cos o) !

' 4m ’
le
(cos o +/cos af ]
€9
de

1-cos a cos o —sin o, Sin @ cos
0 0

(18)

m+1

where ¢ is the exit energy in Thomas-Fermi units.

Integration of eq. (18) within the hemisphere and
over all backscattered energies gives the particle re-
flection coefficient

Ry(Eq,cosa )=

E, 1 x (19)
= [dE[d[cosa| [dp W (E, ,cos o, E,cos at, )
0 0 -

By inserting eq. (18) into eq. (19) and integrat-
ing, we can obtain

Ry (gg,cosay)=

A, My (dm— 2"
_m 2 50 2m-1/2) cos a0(4m 1) .
kM, 4(4m—1)
! (cos &y +cos )"~ —cos ory"!
'J.d‘cos o 1
0 (cos &y +[cos af)"*

p 1+cos acos 20)
"\ cos o +[cos of

where
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1 dg
Pu(x)=— 21
* n(J) (x+vx? —1cos ¢)™"! =

is the Legendre function of the first kind.

Particle reflection coefficient for perpendicular
incidence has been found in [14]. Here, we obtain this
result by the integration of eq. (20) for &, = 0 and in-
serting A, from eq. (6). This yields

Mzs(o)
M, s.(gy)

where the function y(m) is determined by

Ry(v,1)= w(m)=vy(m) (22)

Bm—1)—(4m—12" + m2*""!

w(m)=(1-m) 2m(4m—1)(3m—1)

(23)

In order to obtain the reflection coefficient at ob-
lique incidence, we expand eq. (20) in powers (1 —cos cy).
Integration leads to the approximate expression

Ry(v,cosag )= Ry (v, D[1+(2m+1)(1-cos o )+
+...]~ Ry (v,1)cos a(;(zm“) (24)

where the reflection coefficient at perpendicular inci-
dence Ry(v,1) is given by egs. (22) and (23).

TOTAL BACKSCATTERING AT
GRAZING INCIDENCE

At the glancing angles of incidence, ion reflec-
tion results from multiple collisions. Our estimates are
based on a paper of Remizovich et al. [15] who treated
reflection from semi-infinite targets. These authors
solved the transport equation in diffusion approxima-
tion and small-angle limit, with proper boundary con-
ditions at the target surface, and have found the path
length and angular distribution of ions backscattered
from solids

W(EO Vo7, W»¢)de‘//d¢ =

oxp Ao +yt —yyg)+ 4’
2
_2\61// <Q >T

n/? <92>3/21_5/2

erf| 2 P20 |dedydg (25)

0°)r

where 7 is the path length traveled, y, =n/2-a, and
Wy = ‘ n/ 2—(1‘. The angle of incidence and the ejection
angle v, measured from the target surface, have been
introduced for convenience. These angles, as well as
the azimuthal exit angle ¢ are assumed small (yy, v,
and ¢ < 1).

Let us introduce a new dimensionless parameter
oy = 92>7:0/ 4yl =v/2p and new dimensionless
variables

T
T Yoo Loy o)
To Yo Yo
With these variables we can write eq. (25) in the
fi
T Wy myhdedydp=

=W (0y,s,6, x )dsdgdy

where

ﬁ s

Wi(oy,5.6, )= 3/2 3/2 52

exp{ ¢’ —g+l+(l/2) } /{ / 3gJ
0,

The particle reflection coefficient can be ob-
tained by integration over all ejection angles and rela-
tive path lengths

(28)

Ry(og)= Idsjdg I5ZW1 (00,56, 2) (29)

Within the small-angle approximation, the dis-
tribution (28) peaks strongly at small angles, so the in-
tegration limits for relative ejection angles in eq. (29)
have been extended to infinity.

Our purpose is to evaluate eq. (29) and thus to
obtain the analytic expression for the particle reflec-
tion coefficient at grazing incidence. Azimuthal inte-
gration can be easily performed. One obtains

oo
Wl (60 sSaG)z IVVI (GO asygal)dx =

2 —
_V3 ¢ exp Sl A B (30)
ZTC O'OSZ O—OS GOS

The next step in the evaluation of eq. (29) is to in-
tegrate eq. (30) over ¢. The solution gives the distribu-
tion of backscattered ions over relative path lengths in
the target

oo
Wl (GO ,S): .[Wl (GO 9S9g)dg:
0

exp| -2 1
V3 408
- 2

2n

TS
oo 2 31
.Jgexp[_(g—l/Z) }er/{ /3gjdg (31)
0 oS oS

For small values of & s, the dominant contribu-
tion to the integral in eq. (31) gives the region around
¢=1/2 so that using the Laplace method for evaluation
of this integral, one obtains

L s_3/2 exp(

o

3
Wi(cg.s)= o SJ (32)
0
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Integrating the expression (32) over all path
lengths, we obtain the asymptotic formula for the re-
flection coefficient Ry (o), valid at small values of o,

1
Ry(og )=(I)W1 (0¢,5)ds =% erﬁ[,/‘é] (33)
0

We are more interested in the case where the pa-
rameter o, is large (o, > 1). Following [4], we intro-
duce thenew variableu =,/2/0 s . With this new vari-
able the reflection coefficient R,(o,) can be obtained
as

1 +o0
Ry(og)=[Wi(og,s)ds= [W,(u)du (34)
0 N2/,

where the distribution W,(u) is given by

+oo 2
W2<u)=£u { gexp{—”z@2 —g+1)} erf[u\Eg}k
(35)

Integration over ¢ on the right hand side of eq.
(35) can be done by using series expansion for the er-
ror function

2 22 2k 2% +1
_ 2 . 36
@)= L ey B9

Inserting eq. (36) with z =u,/35/2 into eq. (35)
and integrating over z, one obtains

u

W (u)= ! R

3
220 Ju
1(3 k+1
'{Dl/z(“)"‘_gZ(z“J Dk}/z(“):l (37)

k=0

where Dy (u) is a parabolic cylinder function.
The particle reflection coefficient can be written

in the form
2/0,

Ry(0o) = [Wy(u)du—" [Wy(u)du  (38)
0 0

and the first integral on the right hand side of eq. (38)
can be directly evaluated. This yields

k+1
- 3 13 (2k+1)!!
Wy (uydu=> {1423 2] DT
[ () 4{ 3k_0(4) 22"”(k+1)!}

30, 3)"?
:4{1+3[(1—4j —1]}21 (39)

As we mentioned at the beginning of this chap-
ter, the present approach holds for o, > 1. For large

values of o, the second integral in eq. (38) can be
evaluated by using the asymptotic formula for the se-
ries (37)

3 1

T3/ AnE
! u’ —Q F(3/4)u3+... ,u—>0 (40)

4 10 I°(1/4)

W, (u)

Inserting egs. (39) and (40) into eq. (38) and in-
tegrating, we obtain the particle reflection coefficient

0977 00977
Ry(oo)~1-—7 5/4 (41)
G Go

Since the angle of incidence v, is small, the
dimensionless parameter o, can be expressed via the
angle of incidence o, measured from the target surface
normal y y y

P 2 (42)
2wy 2siny, 2cos”

The asymptotic formula (33) becomes

Ry (v/cos’ay) . erfc (\/TSZOCO] (43)
2 2v

This expression is very accurate for v/cos zao <2
and for v/cos® oy ~2—4 underestimates the reflection
coefficient by about 10%. For v/cos 20(0 >2 ,the particle
reflection coefficient can be calculated by the asymptotic
formula (41) written over v/cos’o,

) 1/4
RN(v/coszao)z1—1162[COS % J +
v

v

2 5/4
+0.232[°°S %o J (44)

with in a few percent of accuracy.

RESULTS AND DISCUSSION

Figure 2 shows the particle reflection coefficient
Ry (v,cos ) forlightions backscattered from heavy
targets as a function of an angle of incidence (degrees
from surface normal), for several values of the scaled
transport cross-section v. Solid lines are calculated
from eqgs. (22)-(24) of the single collision theory.
Dashed lines follow from eq. (44) from the small-an-
gle multiple scattering theory. For a given scaling pa-
rameter v, going from perpendicular to grazing inci-
dence one can observe the transition from the pure
single to pure multiple scattering type of reflection.
For the large values of parameter v the results of single
and multiple collision theories cover the whole region
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Figure 2. The particle reflection coefficient for light ions
backscattered from heavy targets as a function of angle
of incidence o for several values of the scaling parame-
ter v, obtained from the single collision model and small
angle multiple scattering theory

Ry
41 ——— Empirical formula
— — — Analytic approach
v=2.0
0.1
] v=1.0 7 w202
- v=05
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a []

Figure 3. The comparison of the particle reflection coeffi-
cient calculated by the empirical formula of Tabata et al.,
and by the multiple collision model

ofincident angles &,. For small v (v <0.2) the approx-
imations used in the present estimates do not describe
well the light ion reflection in the region of incident
angles between 60° and 75°, and the results for Ry are
omitted in fig. 2.

Figure 3 compares the particle reflection coeffi-
cients calculated from empirical formula of Tabata et
al. [19] and from the present multiple collision theory.
The empirical formula gives the dependence of the re-
flection coefficient Ry on the angle of incidence

1- RN (80 90)

Ry (gg,00)= Ry(g9,0)+ .
I+a,ctg”ay

(45)

1
Ry ] ¥
v=20 s ~ .
0.1 3 -
1 v=1.0 ~=
: ——— Empirical formula
— — — Single collision model
i Multiple collision model
T T T T T T T T T T T T T T T T T
0 20 40 60 80

g []

Figure 4. The comparison of the particle reflection coef-
ficient calculated by the empirical formula, single colli-
sion model and multiple collision theory, for large values
of the scaling parameter v

where Ry (g ,0) is the value of the reflection coefficient
at normal incidence, and ¢ is the reduced energy of the
incident ion. The values of the empirical coefficients are
given as: a; =7.38¢)°> and a, =0836/57"" .

The agreement of the analytic approach with the
empiric formula is good for the large values of the re-
flection coefficient Ry (Ry = 0.1). The applied multi-
ple scattering model is formulated for grazing inci-
dence and small angle collisions, but surprisingly it
gives good results for oblique incidence whenever re-
flection coefficients are large.

Having in mind that the empirical formula is de-
rived for the low energies of initial ions (g, <5), in
fig. 4 we compare the particle reflection coefficients as
a function of the angle of incidence for large values of
the scaling parameter v. The results obtained by the an-
alytical approaches agree well with the empirical for-
mula in the whole range of angles of ion incidence. We
expect that the applied analytical single and multiple
collision models hold better at higher ion energies.

CONCLUSIONS

For keV light ions backscattered from heavy sol-
ids, the particle reflection coefficient has been calcu-
lated by two approaches: within the single collision
model for oblique ion incidence, egs. (22)-(24), and on
the basis of the small angle multiple collision theory
for glancing incidence, eq. (44). The obtained formu-
lae for the reflection coefficient are approximately
universal functions of the scaled transport cross-sec-
tion. The analytical expressions derived from the sin-
gle and multiple collision theories cover the whole re-
gion of incident angles for the lager values of v. For
small v, the applied approximations used in the present
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analysis give the less accurate results for the particle
reflection coefficient in the region of initial angles be-
tween 60° and 75° (fig. 2).

The present results are compared with the empiri-
cal formula of Tabata et al., which gives the dependence
of the reflection coefficient Ry, on the angle of incidence
for low energies of initial ions. The multiple collision
theory gives results for grazing and even oblique inci-
dence in good agreement with the empirical formula
whenever the reflection coefficients Ry, are larger than
0.1 (fig. 3). Moreover, for the initial ion energies that cor-
respond to the scaling parameter v > 1, the agreement of
the theories and empirical formula is very good in the
whole range of angles of ion incidence (fig. 4).
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Josan BYKAHWH, Ponossyo CUMOBHUH

PE®IEKCHUJA JAKHUX JOHA keV-CKUX EHEPTMJA O TEMKUNX
META IIPU KOCOM YIIAAQY JOHCKOI' CHOITA

Koedunujent pedrekcuje nakux jona keV-ckux enepruja peaekTOBaHUX Off TEIIKUX METa
ofapebeH je ymorpeGoM jABa aHANUTHUKA IMOCTYNKA: MOJAEIOM je[HOr cyfapa y CIy4ajy MpHOIHKHO
HOPMAJTHOT yIIajia JOHCKOT CHOTIA M HA OCHOBY T€OPHje BUIIECTPYKOT pacejara y caydajy Majior yraia ynaza
npema moBpIuHE MeTe. V3BeneHe aHamuTHuke hopmylie, H3PAXKCHE CPE/IHHIM 6pojem pace]a}ba joHa
TOKOM yCIIOpaBatha, IPUCIIKHO Cy yHHBEP3aIHe (yHKIHje Koje onucyjy peaekcujy CBUX AKX jOHA Off
TelmKux MeTa. [IpoMeHOM yrila ynaja jOHCKOT CHOTIA Off HOPMaJTHOT Ka MaJIoM YTy IpeMa MOBPIIHY METe,
perucTpyje ce mpena3 y MexaHu3My pediekcuje — o YUCTO jeJHOCTPYKOT pacejama /0 BHUIIECTPYKOT
pacejama. Y ciydajy Beher Opoja cyfapa joHa TOKOM yClopaBama, pe3yJITaTH OBUX TeOpHja TOKPHUBAjy
YuTaBy OOJACT YHAJHHUX YIioBa jOHCKOT CHOINA W M3pavyyHATe BPETHOCTH UYECTHYHOT KOE(PUIMjeHTa
peduiekcuje fobpo ce ciaxy ca pe3yiaraTuMa emnupujcke opmyna TabaTte u capajgHuKa.

Kmwyune peuu: aaxu joH, iiewika meitia, Koc yiao, yiuao o0 Maium y2AoMm Ha UOSPULLHY Mmeille,
ueciiu4HU KoehuyujeHill pegpaexcuje



